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PREFACE 


Up to tlio present time the problem of stability has 
reeeive<l very inadetpiate attention in (M)nneetion with 
aviation. From the point of view of tin; praedieiil 

aviator, this is, perhaps, little to be womhn'ed at. It 
would searcely be possible for him to <levote months of 
(‘oncentrated attention to long and laborious stability 
investigations when it is no exaggeration to say that very 
frequently his success «r failure de[)ends, above all things, 
on the names of the totvns at which he starts and lands. 
If ea prize is offered for a flight from Folkt^stone to 
Flushing, it is usele.ss for him to fly from Harwich to 
the Hook, even on a much more stable machine 
that used i)y the winner of the prize. 

It is hoped that the publication of this memoir will lead 
to aeroplane stability being made the subject of much 
more continuous study and investigation than has been 
possil)le in the past. A general abstract of the presiuit 
investigation is contained in the introduction, which may 
be read with advantage before proceeding to details of 
a^nore mathematical character. The general conclusions 
show that there should be no ditiiculty in securing in- 
herent stability, both longitudinal and lateral, jn an 
a(‘roplane, by means of suitably placed ^xiliary siATact% 
rigidly attached to the machine ; but in order to achieve 
success the conditions of stability must ^e veiy carefully 
stndied, and account musf be takmi of the effects 
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•fife ^inclina>ioH of'^he flight path to the ' horizoiv* and^ 
other Aaii»es wliieh may affect the result ^’Criousiy, 

^ Tliere seems a genenfl desire on ttei pai^t of manj^ 
writel*s to miiiimis(i^ ^he dangers of instability or 
defecti^ve stability, ,j^nd fo attribute accidents to oth(‘r 
causes. But ih reading the accounts of accidents, 
both fatal atid otherwises that appear every few days, Ki 
the daily papc'Ts, it is difficult to avoid coming to the 
conclusion that much of this loss of life and damage 
could be avoided by a systematic study of stability and^ 
certain other problems i-(‘garding the motion of aero- 
planes particularis(Ml in this l)ook. 

To the mathematician who is able to devote any time 
to original work, a wide region of unexplored ground 
is opened up, of which* it lias, in many cases, only been 
possibhi to exhibit glimpses in these pages, 'riiere is 
a freshness about this region which can scarcely be found 
to the same extent in searches for differential erjuations 
tliat have not been integrated, high primes, or further 
additions to the large existing collection of properties 
of triangles and (drcles. I do not think any^ inatlie- 
ni^oian who cares to take up the subject now will 
exj)erien(ie any difficulties com[)arable with those which 
have been emtountered in the preparation of the present 
book. 

There is abundant work, too, for the student who wishes 
to undertake “research” for educational purposes; and 
“aeroplane stability” seems to me a very useful alter- 
native for some of the branches of applied mathematics 
now taught in our universities. 

Quite re(;ently, miudi has been written regarding so- 
called “ automatic stability,” depending on the use of 
gyro^ats, peinffilums, or other movable parts. Apart 
from the hict ^at movable parts are liable to get out? 
of jrder, it must be remembered that they increase the 
plumber o/ degrei?^ o^ facedoi^eof the machine, thus furtlj^er 
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addftig to. the miiiiher of coiiditiofis wliieli to ho 

satishVd for Tstahility — a ninrl)or quite largo euoiigl/’ 
already. \ anti(‘^)ate that tlio sueeossful aoroplhiio of 
the future will possess inherent, not “ autoinatio 
•stability, movable parts being used ly’ for [>urposos 
of steering. 

•The great ditHculty in writing tins book lias been 
the newness of the subje(*.t, and th(‘ fac^t that the furtlnu’ 

^ one advanees in it the greater appear tlie ])ossibilities 
of still further exploration. The seh‘otion and arrang<‘- 
ment of the text lias tlius becm muedi more dittiiuilt than 
it would be in a text-book (annpiled from existing 
literature. I have tried, so far as possible, to avoid, 
introducing any inv(‘stigation the results of which were 
certain to be only of academic* interest; but this attempt 
has not made it mu(*h easier to draw the line. lA)r 
example, the transformations of §*10, which are, of course, 
particular cases of a more general transformation, were 
placed on the excluded list, but their a[)plication to tlui 
peiMlulum experiment suggested the desirability ot 
retaining them. 

. (3ne pleasant duty remains, and this is to record my 
indebtedness to Mr. K II. Harper for the valuabhi 
services he has rend(;red in connection with the investi- 
gations here described, and to claim priority lor him 
in many of the results. It was Mr. Harper that directed 
my attention in tlie fir'st instance to the important 
effects of the inclination of the flight path on stability, 
and the investigations of the lateral stability of the 
Antoinette type, and sevm-al other forms, are entii'ely 
due to him. The whole of the formulse in tliis book 
have been cliecked by indejiendent working, by 
Mr. Harper and myself, and T hope that are col*rect. 
"besides Mr. Harper, Mr, A. Ferguson and Mr. Robert 
Jones have revised the proofs and ^ms^le a ilumber of 
coTreetions. It is impossilde to be too careful in ti 
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matter a mer^slip of a sign might change staoility 

into instability, and fortthis reason it ^is* (fesirable tliat^ 
raiders sliould, as fiu‘ sis possible, kc«p a further check 
on the forniulm, even in spite of these precautions. 

Las£ l)ut not Jeast^iny thanks are duo to Prof. R. A? 
Gregory not only for his unfailing kindly advice ai^l 
assistance in the preparation of the text, but also for his 
odor to include a volume on the investigation of stability 
in the series of Scie,)tce Monographs, of which he is the^ 
Editor. There are probably many instances, of which 
this is one, in which a volume of this kind presents a more 
a})pro})riate medium for the publication of results of 
inv('stigation than the juoceedings or transactions of 
a scientiHc so(*icty. Had it not been for Prof. Gregory’s 
timely invitation, the theory of stability would have been 
developed much less fully than has now been done in 
these pages. 

* G. H. BRYAN. 
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STABILITY IN AVIATION 

Cl [AFTER I 

INTKODUCTION AND SUMMARY 

1. The (levelopiiK'nt of the ai'roplane lias opened up a 
large number of interesting problems in both theoretical 
and experimental mechani(!S. 

One of these prolilems is the inv(‘stigation of the 
pressures on pbine and other surfaces moving in a given 
manner through a fluid medium such as air. This problem 
had attracted the attention of mathematicians long before 
applicathms to aerial navigation had reached tlui stage of 
practicability. The earliest attempt at such an investiga- 
tion was that due to Newton, who assumed that tlic 
resultant pressure on a lamina could be measured by the 
momentum or change of momentum imparted (per unit 
time) by the lamina to the iiarticles of air with which 
the lamina came into contact. This led to tlie so-called 
“ sine squared ” law, according to which tlu'. pressure on 
a plane lamina appeared t^ be proportional to the s(piare 
of file normal velocity of the lamina relative to the sur- 
rounding medium. On the Kinetic Theory of Gases 
» Newton's assumjition might rea,sonably be e.^)ccted to Iwld • 
g(K)d in the case of a rarefied gas, in which the mean free 
path of the molecules was large compared with tluv breadth 
of tl^e lamina. The second metji^)d enrjdo^'etf was the theory 
of Discontiimous Fluid Motion, introduced by Ilelnfiioltx 
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2 INTRODUCTION AND 

an(f K^irclihoff, which forms the subject of a memoir l)y 
Sir George Greciihill, pubjishccl l)y the A Ivisory Committee 
lor Aeronautics.^ 

Divergences between tiieory and ol^servation necessarily 
arise from the character of the assumptions required to 
bring the problem within the reach of analytical methods. 
The failure of Newton's Law showed that it was impossible 
to estimate the pressure without taking into account the 
currents set up in the medium in the neighbourhood of tlK 
lamina. In spite of this, many writers, even at the present 
time, seek to (istablish formula) for the pressure on moving 
I)lancs by reasoning which is more or less Newtonian in its 
fundamental characteristics, but it will be evident that 
such mcithods should only be adopted with great caution, 
the results being treated more or less in the light of 
empirical formulae which must stand or fall on experimental 
eviden(‘.e. 

In the case of the theory of discontinuous motion, we 
arc limited by mathematical diflicultitjs to the considera- 
tion of a perfect incompressible fluid ; and divergencies 
betW 3 en theory and experiment nccessai-ily arise from 
the differences Ixdween the physical properties of sirch 
an assumed medium and those of air, or of water as the 
case may be. Moreover, the soluble problems in general 
only refer to two-dimensional motions, so that in any 
case the necessary conditions would only be satisfied 
approximately in the case of aerojilancs the so-called 
“ aspect ratio ” of which is small, and the theory would &il 
in the neighbourhood of the extremities of such planes. 

In this particular problem a suitable balance between 
theory and experiment has been sought by the publication 
• _ 

’ Report on the 'theory of a Stream Line jjast a Plano Barrier, and of t5io 
Discontinuity arising at the Edge, with the Application of the Theory to an 
AWoplane.' By Sir^ {George (ireenhill, F.R.S. Pp. 9(5 + 10<) figs. 

(Advisory Committee for *AeronauticH Reports and Memoranda, No. 19.) 
(Lon^rvi : H.M. Stationery Office : Wyman and Sons, Ltd.). Price 5s. 
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of Sir^George^ Greeiiliill’s report by *tlie Advisory^ Com- 
, njittec which Ims^becii orgauisiRg the construction of 
apparatus for the •experimental determination of* air 
pressures on moving planes. * 

'2. In the problem of aeroplane stability here disciisse/1, 
we^are concerned with the motions or changes of motion 
set ftp in the flying machine itself by these pressures and 
l)y the other fontes acting on it wlicn equilibrium in 
steady motion is disturbed. This problem, unlike the 
previous one, is a direct application of the principles of 
theoretical mechanics involving the use of the equations 
of Rigid Dynamics. About the validity of these, no 
(juestion can at present arise. The only further assump- 
tions are the expressions for the air pressures on the 
planes and other parts of the machine ; and the closeness 
of agreement between theory and o])servation in any 
particular calculation will depend on the degree of 
approximation to which* these pressures arc represented 
by the formulse assumed for tlnun. 

Th‘e present subject has hitherto not received so much 
attention •as it deserves, one reason, probably, being- the 
complexity of the algebraic formulse which present them- 
selves at the outset, and another, doubtless, the success 
with which aviation has been accomplished on machines the 
stability of which has not been studied. When the Wright 
Brothers made their first flights, the (juestion at issue was 
one of motive power and weight, and an important con- 
dition for success was the reduction of weight and head 
resistance by avoiding tiie introduction of any more 
auxiliary surfaces than \yere absolutely necessary. If this 
involved instability its effects could be overcome by skill 
, and experience, and in particular lateral control* was, 
obtained by warping the wings. Since then many 
attempts have been made to circumvent the, Wrigli4: 
patents, with the result of dia^erting a4t(?lStion from the 
question of inherent lateral stability. 

n 2 
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, I • * * 

'The^ Bi’yan-Williams paper of 1903' I believe; 
the first attempt to direfct attention tortile mathematicf^l 
aspect of the ([ucstionj and it was intended to Uc suggestive 
rather than conclusive. ‘Tlie late Captain Ferber, whose 
papers were published soon afterwards, investigated indb- 
pendently the equations of motion of an aeroplane, andjie 
subsequently applied the method of small oscillations to 
the problems of both longitudinal and lateral stability. 
This constituted the first attempt at a theory of laterqj 
stability ; unfortunately, however, this last is defective in 
several respects, and the results probably fall very wide of 
tliQ mark when applied to aeroplanes the main surfaces of 
which are of considerable span, as is usually the case. 

In Mr. Lanchesters second volume on Aerodonetics, 
which appeared in 1908, tin*, problem of stability, both 
longitudinal and lateral, is treated from a highly original 
point of view, the use of tlie equations of Rigid Dynamics 
being practicidly avoided. ' 

Of more recjcnt contrilmtions we have the papers of 
Prof. Marcel Brillouin and Dr. II. Reissner, the latter 
of whom has considered the problems of both lateral 
steering and lateral stability ; while the Government Blue 
Book (Od. 5282) contains abstracts of papers by Lieut. 
Crocco on the steering and stability of dirigibles, and by 
M. Soreau on similar problems for an aeroplane, with 
especial reference to longitudinal stability. This group of 
papers arrived after the investigations here discussed had 
been completed, and only a brief comparison of the results 
has been attempted near the end of the present work. 

3. Ill this book the six etjuations of motion are first 
written down, and then applied to the small oscillations 
, abqjA steady motion of a ^body, such as au aeroplane, 
moving in a resisting medium. • 

i I firstj intended to measure forces in dynamical units, 
and perhaps thV e^ua^tions would liave been a little simpler 
1 Pruc. p. S.y June, ISm. • 
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if b4"eii retained, but for the* sake of convenience, 

gravitation units of force have been substituted, the equa- 
tions being based upon the “ homogeneous ’’ system, * 


Force = Weiglit x 


acceleration 

if 


which is now re(j()inmcnded by teaclun-s of elementary 
mechanics, and avoids both the poundal and ‘the slug, 
'fhe advantage arises when air pressures luv measured in 
pounds or grammes weight per unit of area instead of 
poiindals or dynes. 

In the case of an aeroplane which is symmetrical v^ith 
r(\spect to a plane which is verti(%‘il in steady motion, the 
small oscillations fall into two groups each determined by 
three C(juatioiis of motion, and no further separation is at 
the outset possible, 

TIkj first group represents motions in the vertical plane 
on which longitudinal stability depends. They may be 
better described as “ syminetric.ar* oscillations. 

The second group determiners sideways rotations and 
displacements to one side or the other of the plane of 
symmetry. These should bo called “ asymmetric oscilla- 
tions.^’ On the nature of these de))ends the lateral 
stability of the machine. Some writers attempt to 
separate the three motions here considered, and to treat 
separately the stability for rolling motions and “ direc- 
tional” stability, a mistake which Lanchester avoids by 
using the term “rotative stability.” It is important that 
the interdependence, not iinly of the two rotational oscilla- 
tions, but also of sidenvays displacements, should be taken 
into account. It is only through the latter displacements 
► that gravity can have ariy effect on the direction an^ 
aeroplane. Without such an effect there can be no 
tendency on the part of an aeroplane to right it^self aft«ir 
it has heeled over sideways, a^nl in tluj^aBSence of such a 
tendency th§ aeroplane, if it has a tilt to one side, w^l be 
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liable ^to /‘side slip’^ with uniform accelerate’ oh. l,n most 
existing aeroplanes thiS tendency is# counteracted b.y 
warj^ing, but it docs not follow that because this plan 
can be successfully used* it is necessarily the only or the 
best plan. * • 

For the second kind of stability the best name woMld 
be “asymmetric’’ stability. We shall sometim(3S,* for 
shortness; use the term lateral stability to denote the 
stability dependent on this group of displacements i^ 
spite of the term having been used in a more restricted 
sense by other writers. 

4 . The effects of the air rcsistaiKiCs in each group of 
equations arc rc})rescntcd by nine coefficients (or eighteen 
in all) which may be called the “resistance derivatives.” 
On elimination, the frequencies and logarithmic decrements 
(or in the case of instability, logarithmic incremeiits) of the 
symmetrical oscillations are determined l)y an equation 
of the fourth degree in \ whei'e the displacements arc 
assumed proportional to this equation involving the 
“ symmetrical ” resistance derivatives. The conditio*ns of 
stability require that the coefficients of the biejuSdratic, as 
well as Routh’s discriminant, should be positive. 

Exactly similar conditions apply to asymmetric oscilla- 
tions, which again lead to a biquadratic in \ involving 
the nine “ asymmetric ” resistance derivatives and corre- 
sponding conditions of lateral stability. 

The actual co-ordinates of the centre of gravity, as well 
as the azimuth, do not occur in the equations of motion, 
-though the corresponding velocities do so. The reason is 
that the conditions of equilibrium of an aeroplane, dike 
those of a ship, do not depend on its position or compass 
^ befvrfng. For variations of these, equilibrium is neutral. 

The resistance derivatives are proportional to the 
velocity ^of the aero}>lane when in steady motion. 

The problenl^aanoiv bcfof:n us resolves itself into {l\ the 
dctcytnination of the expressions for the rcsis^tance deriva- 
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tives 5f the pknes based on the avaikible torinulne hv tlata 
regarding the iti’essures on theny; (2) the evaluation and 
simplification of tlijc coefficients in the bitjiiadratics* and 
their discriminant; (3) analysis ‘of the general character 
of the oscillations; (4) S(^parate discussion^ of 'the effects of 
Vfy’ious subsidiary causes which may affect the stability of 
an tictual fiying machine. 

The first object to be k(‘pt in view is to evolve sonuitliing 
like order out of the chaos of algebraical symbols that 
present tliemsclves at the outset of the iinpiiry. This 
can best be done by a method of successive approxima- 
tion and l)uilding up, the problem being at first treated 
subject to tlie simplest possible assumptions, but the 
methods adopted being sufficiently general and elastic to 
allow of subsecpient modifi(*-ations, corrections, and exten- 
sions of the most general character. In this ))Ook attention 
is concentrated on tlic mathematicial as[)ect of the problem 
for several reasons. In*the first i)lac(*,, tliere is no obvious 
altiu'native lietween developing the mathematical theory 
fairly thoroughly and leaving it altogether alone ; atiy 
attempt ^t a t)l(t media would probal)ly lead to erroneous 
conclusions. In the second phuic, the formuhe arrived at, 
even in the simplest cases, are such that it is difficult to 
seeTiow they could be established without a mathematical 
theory. In the third place, there is prol)al)ly no lack of 
competent workers interested in the practical and experi- 
mental side of aviation, and under these conditions it is 
evident tliat the balance between theory and practice can 
be improved by throwij^g as much weight as possible on 
the mathematical side of the scale. Lastly, it is hoped 
to ^advocate the claims of aeroplane ecpiilibrium and 
stability as an educational sulyect suitable for study in our 
Universities alongside with such branches of applieef 
mathematics and mathematical physics as hydrodynamics, 
and particle and rigid dynanpes. ^ •• 

5. Starting with longitudinal or symmetric stabil\,t^, the 
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avaKable expcriinentfil data refer to the air pressures and 

positions of tlie ccntrestof pressure o^ ^lane ancf other 
areafi moving through air with given relative Velocities of 
trfcnslatiou. If a hdniiia has in addition a motion of 
ro/fUioHy as when an aero[)laiie begins to pitch, the effedls 
of •chis rotation appear to be at present unknown. In gll 
existing theories of stability they hav(^ been neglected, 
and at the time of writing no iiidi(?ations have reached us 
of the matter receiving a.ttcntion at the (Tovernmeiij, 
Laboratory. The (effects referred to introduce two constants 
or coefficients into the equations, and these I call rotary 
derimfivcs. 

Apart from mathematical considerations, determination 
of these effects would be a matter of common prudence, 
as rotations may easily put an aviator into an awkward 
predicament, especially when near landing. The experi- 
mental problem may if desired be reduced to the 
determination of two points which are here shown to 
exist in the plane of the lamina, such that rotation about 
one does not affect the resultant pressurcj, wliilc rotation 
about the other does not displace the centre of |)ressure. 
Two methods of experimenting are suggested. • 

The dilficulty is meanwhile obviated by the use of narrow 
planes for which the rotary derivatives are negligilile, 
stability being secured by auxiliary surfaces, such as a tail. 
But in this case tlie variations in the centre of pressure 
will also, in general, be small. We are thus led to the 
theory of narrow planes flying at small angles. This 
theory forms the best starting-point for the systematic 
study of aeroplane motions, in just the same way that the 
definition of a perfect fluid forms the starting-point in 
hydrQtl3mamics, the theory of refraction of narrow pencils 
ftt small angles of incidence* in geometrical optics, or th^ 
theory of elliptic motion in planetary theory. According 
to this h]^potheris,^no| only^are rotatory derivatives and 
variations of the centre of pressure neglected, but the 
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pressure k assumed proportional to flie sine of tlie'angle of 
attack, or what is the* same thtng, to the product of tlu 3 
resultant and the normal velocity. ' * 

A conclusion described as the* Principle of Indepgndcnce 
Rf Height shows that, sul)jc<it to certain limitations,^ the 
fifability of an aeroplane is Init very slightly affected by 
raising or lowering its planes ; for this ri'ason tlien^ is 
practically nothing to choose between) monoplanes and 
^l)iplancs in this respect. 

6. The section on “(!ra])hic Statics of liongitudinal 
Equilibrium ” stands by itself apart from the rest of the 
book, and will, it is hoped, be found instructive. It is 
sometimes a little difticult to see how the conditions of 
equilibrium of a flying machine are altered by varying 
the propeller thrust or altering the inclinations of the 
planes, and the object is to exhibit the results by means 
of geometrical constructions. This section miglit very well 
be taught to university students. 

7. The simplest case of longitudinal stability is that of a 

single lifting plane with a “ neutral ” auxiliary tail i)ropelled 
horizontally by a constant horizontal thrust passing through 
tiie centre of gravity. The condition of stability agrees 
with Lancliestcir s result. By the use of the equations of 
equilibrium this condition may be put into several 
alternative forms, one of these being independent of the 
velocity of propulsion. By the further use of approximate 
methods the roots of the biquadratic are separated, the 
short and long oscillations discussed, and their general 
characteristics described. It is shown that Lanchester’s 
method only applies to the long oscillations, but, fortunately 
for Lanchester, these are the oscillations on which stability 
mainly depends. ^ » 

• In a non-horizontal path, the stability varies very greatly 
with the inclination of the flight path to the horizQn. 
The important part played this^ in^dhftition was found 
oul, both for longitudinal and for lateral stability, by 
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Mr. E. *11.^ Harper. ^ A glider has greater Igngitutlinal 
stability {ccBteris paribu^f than a horizpnlafly propelled 
acftopkine ; and when an aeroplane rises the longitudinal 
stabilitjr rapidly falls off. Fnder simple assumed conditions, 
longitudinal instg-bility sets in when the tangent of thfs 
elevation has some value leas than twice that of the ang]^ 
of attack. 

1 find, however, that longitudinal stability is in general 
increased by head resistance, and a furtlicr increase occurs^ 
when the propeller thrust is a function of the velocity 
which decreases with an increase of velocity. Both these 
effects arc conveniently represented as being e(juivalent, in 
their cficcts on stability, to a depression of the direction 
of the flight path, through an angle for which a formula is 
given. The machine can therefore rise at a steeper angle* 
than before without losing stability. 

By a doubly lifting system^ I mean two lifting i)lanes 
placed tandem, or, what comes to the same thing, a front 
lifting plane and a lifting instead of neutral tail. (In 
stability investigations it must be remembered that two 
superposed ])lanes practically count as one of the same 
total area.) Here a property is proved, which may bo 
called the principle of apdralent systenis, which enables 
the combination of two planes, in question to be replaced 
l)y an “ equivalent single lifting plane with neutral 
tail, the two systems having the same conditions of 
equilibrium and also of stability and, in addition, the 
same total combined area of their planes. 

Without this substitution the stability of doubly lifting 
aeroplanes involves the simplification of very unwieldy 
formula). For the mathematical student the properties 
of cflfii valent systems and their invariants afford some 
interesting applications of determinants. From a technical 
pojiit of view, the conclusion to be drawn is that there 
is no advantagc^\)i^disadvan/|ige in a lifting tail as com- 
pared^with a neutral one except that the neutral tail will 
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have, to bo ilie longer of the two. *[n an actual aeroplane 
where the pressitrc oii the rea? planes is affocteJ by the 
wash of the front ones, tlie machine with the noutfnl tail 
would, probably, have the greafer lifting (*apacity.^ 

In the following sections, the necessary m’odifications are 
considered for propeller axis not passing through rjentre 
of gravity, variations in the position of the (‘(‘litre of 
pressure as the angle of attack varies, tlie princi[)al 
j corrections for (iambered planes, effects of tang(‘jitial or 
frictional resistances, raised planes, deviations from the 
vsinc law of resistaime, “wash” on tail plains jirodnced by 
front one, and rotary derivatives. The discussion of tlie.se 
corrections might Ix^ (‘xtAUided almost indefinitely, and, in 
order to draw the line somewhere, I have in some c.asi's 
thought it suflicient to indmate tluj methods only. 

The effect of variations in the position of th(‘- (H‘.ntrc 
of t^rcssure calls for a little (‘-omnieiit in view of the 
discussions that have already take.n place on this sul)j( 3 ct. 
In the sections dealing with this effect two (jases have 
bc(?n considered ; one is the case where stability is mainly 
depcncTbnt on the action of an auxiliary tail plane (which 
In this (3ase must not bo parallel to the front plane) and 
the effect of the variations in the centre of pressure takes 
the form of a small correction in the result. The second 
case refers to the stability of a single plane, which is 
entirely dependent on the variations in (question. (Of 
course the latter solution is not altogether satisfactory, 
owing to the fact that the unknown rotary derivatives 
have been iieglect(^.) Now, when the conditions of 
stability are taken in conjunction with the conditions of 
equilibrium, it is shown that the stability depending on 
the tail action is independent of the velocity of tlf<3,aerp- 
• jilane, but the stability of the tailless a(‘roplan(‘. decreases 
as the velocity increases. This confirms the view that .the 
use of a tail affords the nigyc efii(ji(jni Weans of securing 
inherent longitudinal stability. 
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As* has heon observed, the conditions of •longitwclinal 
stability can l)e exhibitecl in various forms by making 
use of tlie equations of equilibrium, so tlint two appa- 
rently .widely diifcrput conditions may in this way be 
eciujvalcnt. ' 

A “three plane system,'' such as a lifting plane witfe 
auxiliary surfaces fore and aft, is shown, in certain 
circumstances, to possess advantages over a two plane 
system in respect of stability, especially when rising hit 
the air. 

It will thus be seen that the mathematical method is 
not limited in its application to the simplest cas(‘ of an 
ideal aiiroplane, but that account can be taken of prac- 
tically all the modifications occurring in an actual flying 
machine as soon as the necessary data become known. 
And in any case we find out which modifications increase, 
and whi(ih diminish, the stability. At the outset of the 
investigation a certain determinant was found to vanish, 
and this fact was of gi'eat importance in simplifying the 
analysis whicli, but for this, appeared of great difficulty. 
In the discussion of the “three plane system," the fact 
that this determinant docs not now vanish is important 
in indicating the greater stability of such a combination. 

8. Lateral or Asymmetric Stability presents a 
difficult problem possessiug many interesting features. 
In this case the couples set up by rotations of the main 
planes depend on the span instead of the breadth of the 
planes, and instead of being negligible play a very important 
part in the stability. To obtain expressions for them 
which may at least be regarded as approximate, a further 
assumption has to be made regarding the distribution of 
^ressiife on them, this assuipption being regarded as a 
further property which is to be implied in the definition* 
of •“ narroy planes gliding at small angles.” Tlie couples 
in question are*th€ ‘^turning moments'* which are so 
well kttown in aviation, and are usually cqunteracted 
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by ofjeratii),^on “ ailerons or warpin%. In lateral slaBility, 
however, we liSvq to consider separately in turn the effects 
of “strai^it” main planes, auxiliary vertical surfaces br 
rudders which may be (tailed “ firis/^“ bent up ” wings, and 
{^anting up planes fixed at the extomvtiea of the main 
jjanes which may be called “stabilizers/* 

•An aeroplane having straight {i.e. unbent up) planes 
(without fins or stabilizers) is dev(fid of lateral stal)ility. 
^Moreover, a horizontal auxiliary tail plane, such as is used 
for nicuntaining longitudinal stability, does not etiter into 
the e((uatious of lateral motion unless its span be con- 
siderable. 

If a single vertical fin is added, there is great difficulty 
in reconciling two of the stability conditions. If the fin is 
placed in front and near the level of the centre of gravity 
one condition is satisfied but not the other; if placed 
behind and near the same level, tlui second condition is 
satisfied but not the first. Stability might possibly be got 
by placing the fin above the centre of gravity and slightly 
in front, the height above b(‘ing large com[)ared with the 
distances in front, but a small change in the motion of the 
aperoplane would be liable to render it unstable. The 
ol)jections to a fin raised considerably above the C.U. are 
evident. That most existing aeroplanes are laterally 
unstable is a necessary further deduction. 

This difficulty can be got over ))y the use of two fins 
instead of one. We have htu'c to investigate the difference 
between the effect of several fins and that of a single fin 
of the same total area placed at their centre of pressure, 
and as the expressioifs involved are the moments of inertia 
of the areas of tlic fins, we transform these by the “ theory 
of parallel axes.” We find that the horizontal dkjtance 
between the fins has much more efte(*.t on stability than i 
difference in height. 

O I 

Probably the best arranggment Js in which the 

aeroplane is provided with two fins placed fore and fift, and 
• ■* 
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raised somewhat above the centre of gravity, ,s@ that/theii 
centre of pressure is vertically abovd the centre of gravity, 
or'neiftly so. This arrangement is shown to possess a wide 
range of stability which is practically unaftected by the 
angle which tlie direction of flight makes with the horizon* 
The condition for stability requires that the height of tlM 
fins should not exceed a c.ertain limit. 

If instead we place the fins at the same level as the 
centre of gravity, their centre of pressure must be in 
front of it, and the stability is secured by making the 
distance between the fins large and the distance of the 
centrci of pressure in front of tlu; centre of gravity small, 
This arrangement will be stable in liorizontal or ascending 
flight, as also in a gentle descent, but the aeroplane wil 
become laterally unstable a.nd liable to turn round side- 
ways if it dives downwards at an angle to the horizor 
equal to or grcatcu* than twic(i the angle of attack. 

A third arrangement, which, like the last, was in- 
vestigated in the first place by Mr. Harper, has a vcrtica 
tail fill and a second vertical fin directly above the centre 
of gravity. Foi* stability the tail must not be les^ than i 
certain length, and in this ease it is found that stability 
decreases when the aeroplane is ascending, thus leading t( 
a limit to the angle of elevation. 

The general character of the lateral oscillations ii 
discussed, also the general effects of cou])les due t( 
head-resistance, twin screws, friction, and camber. 

W(*. next consider the effects of “stabilizers’" (or ben 
up planes attached to the tips of the wings, or, in fact 
wings with bent up tips), and bent up wings in general 
It is natural to suppose that a pair of stabilizers i 
equiv^fient to a vertical fin j this is, however, shown b 
be only true in certain condition^, such as when they ar 
placed at grazing incidence with the line of flight, or ar 
neither before iM VelMiid tht.centre of gravity. The tw 
soluti^RS which follow are due to Mr. Harper.^ The firs 
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discuses tlic^tability of an aeroplane^fitted with stabilizers, 
the s(H!Oud the “ Antoiiiette type of aeroplane, furnished 
with bent up wings and a tail-fin. ^Mr. Harper has shown 
that lateral stal)ility in this case can J)e obtained jii two 
ways. Neglecting the tail, it is sufficient' to raise flio 
diliedral angle of the wings above the centre of gravity, 
bul in this case there is a superior limit to its heiglit. Or 
again without raising the wings the tail must be made not 
Jess than a certain length. In the first method stability 
falls off when the aeroplane is d(*scending ; in tlic se(;ond it 
falls off when rising, so tliat by a judicious combination of 
raised wings and tail, stability may be made prtictically 
independent of the elevation of the flight path. 

9. Under the heading of “ General Conclusions,” no 
attempt has been made to give a didailed summary of 
the Avork, this having bc(‘.n done in the piesent intro- 
duction, The discussion refers chiefly to the diversity of 
opinion which now exists as to the advantages and 
disadvantages of inlicrcnt stability. 

TTicre is, however, an (dement of indeterminateness in 
the argutneiUs relating to this particular ixiint, arising from 
the fact that a complete inve^stigatiou of aeroplane motions 
involves the solution of other problems besides that of 
stability. A list of some of these problems is given at 
the end. While some of them afford materials for experi- 
mental research, the list should afford the most sceptical 
reader evidence as to the nec(‘ssity of a large amount of 
further original work of a purely mathematical character, 
in which all that is jc(j[uircd is the deduction of conclu- 
sions from definite stated hypotheses. At jirescnt there 
is widespread belief that the mctlnxls of exact science 
cannot be brought to bear jon the study of aeroplane 
motions owing to the uncertain conditions to which they 
are subjected. But after all the cause of the uncertainties 
probably lies in the fact tkat the atuefy of aeroplane 
motions has not received so much attention on the part of 
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riiatliematicians as has been given to other greblenv? of a 
similar character. * ' . * 

* 1 0." A brief discussion is given, dealing witli investiga- 
tions of an allied charactir by other writers. It will be 
se(in that in sdveKal cases erroneous conclusions have been 
arrived at through not starting with sufficiently general 
hypotheses, a frequent cause of error being failure *to 
recognise the interdei)endencc of the three components of 
lateral motion. In this respect Lanchestor’s work forms 
conspicuous exception, although ho has approached the 
subje(;t from an entirely different direction from that here 
adopted, and has avoided the use of the actual equations 
of motion. 

11. If we consider only the problem of stability, in which 
it has been attempted to arrive at some approacdi to a definite 
understanding in this book, it will be seen that this problem 
presents many complexities which it would have been very 
difficult to foresee from experimental (‘vidence alone. In- 
deed, I should be inclined to think that the difficulty 
was almost as great as that which would be experienced 
by anyone who endeavoured to explain the mentions of 
the solar system without the assistance of the theory (5f 
gravitation and the fundamental eejuations of dynamics. 
The dependence of the stability of aeroplanes on the 
inclination of their flight-paths to the horizon is very 
difficult to explain from first principles, but an attempt 
at such an explanation has been given in a note. 

These difficulties and the large number of problems 
still awaiting solution must be my justifi(iation for repeating 
the plea for the recognition of motions of aeroplanes as 
a subject for study, research, and original work by teachers 
jind .students of mathematical and physical science in our 
Universities. 

.As a branch of higher applied mathematics the study of 
aeroplane motieWs Jiasibcen 9^Aly neglected. The vaguest 
notioixft still prevail even as to the very meaning of 
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stability. Th^ subject presents ekin)|? of the most urgent 
and pressing flia^racter for syste^iatic study aud investi- 
gation on si»;iilar lines to those which have be(;n followed 
ill the development of other brfjncLes of mechanics and 
m^-thematical physics, and it is only liy the.co-opcration 
of University teachers in mathematics and physic's tlmt 
th?, present anomalous conditions can be remedied. No 
less strong are the claims of this study from an educational 
point of view. It will bo seen that the subject matter 
(.^^ntained in these pages contains sevcjral interesting 
methods, including applications of pro[>crties of dciter- 
minants, tlie use of aijproximations, and the ‘'principle 
of equivalent systems ” as applied to double-lifting 
aeroplanes; further, the introdindion, step liy step, of 
con*ections which need in no respect stop short of practical 
requirements, and may be possibly carried to a stage 
even beyond what Is suffi(5ient for ordinary needs. 

To see how matters stand, let us compare the study of 
aeroplane motions with some subject which is already 
largely studied and taught in our Universiticis, say hydro- 
(.l}'uumic%. We have here a branc;h of applied mathe- 
matics which has liecn developed on the tln'oretical side 
quite independently of the requirements of the hydraulic 
engineer. Many of its problems refer to hypothetical 
motions in an indefinitely extended ideal medium, and are 
far removed from any possibility of })ractical application, 
yet no one questions the educational value of the training 
afforded by their study, even to engineering students. 

Now any honours student who devotes a yc'ar or more to 
the systematic study (Jf hydrodynamics will, at the e»id of 
that time, have little prospect of finding any problem, 
practical or unpractical, which has not already been sqlved, 
and which he can approach wifh any reasonable chance of 
obtaining a solution or result ^worth publishing. The 
present subject, on the other hand, litenj^ brisl^les with 
unsolved problems, and the dilfficulty is ?iot so much that 



i8 INTRODUCTION AND SUMMARY ch. i 

the 'pr'oblems are iiiscluble as that their solutions afie long 
and tedious. For this .reason it is important that the 
number of persons interested in the subject should no 
longer be nearly countable on the fingers of one hand, 

' 12. Tlicrcrstill Remains the question of Examples.^' 

An almost unlimited number of these can be obtained 
by applying the forrnuhe and methods of this book* to 
existing aeroplanes the dimensions of which will be found in 
the principal aeronautical journals and manuals. Possibly 
readers of a practical turn of mind might have preferred 
to sec some of tlic calculations worked out here. This, 
however, is quite unnecessary as the (jalculations are easy 
and well within the powers of a fair student of B.Sc. 
standard. In the case of numerical calculations there is 
no need to limit the work to substituting values in the 
conditions of stability. It is easy to obtain the coefticients 
in the biquadratic and to determine approximate values for 
the roots. In this way the periods and logarithmic decre- 
ments of the oscillations can be found, or in- cases of 
instability their logarithmic increments. Thus, eveu if it 
is decided to sacrifice some of the conditions of stability in 
the construction of an aeroplane, the effects of the sacrifice 
can be made the subject of calculation. As different new 
forms of aeroplane are constructed fresh examples arc con- 
tinually suggesting themselves. For this reason it would 
have been futile to take up any of these pages with calcu- 
lations which would soon be out of date. Examples on 
longitudinal stability were worked out by Mr. Williams in 
our joint jiaper of 190JI referred to above. 



CHAPTER 11. 

VirNDAMENTAL PRINCIPLES. 

General Equations of Motion. 

In investigating the motion of ueroj)l}ines we start, 
of necessity, by writing down the general ecjuations of 
rigid dynamics. 

We take as origin the centre of mass of tlic aeroplane, 
and choose three axes mutually at right angles, fixed 
relatively to the aeroplane and moving with it in space. 
We use the following notation : 

JVf weight of aeroplane. 

J, B, C, moments of inertia about the axes. 

/), ICj Ff corresponding 2 )rmlucts of ineitia. 

1/, 1 ’, v\ components of translational velocity, 
jj, f/, r, components of angular velocity. 
hi, h.^, components of angular momentum. 

Then we have the following equations of motion (using 
homogeneous gravitation units) : 

IV ) ~ Accelerating force along axis of x . (1) 

(j (j / 

and two similar, also ^ 

-f. ^3 _ _ Accelerating toniue a))out axis of x . (la) 

ydt y ij ^ 

while the expressions for the angular momenta are in the • 
most general case : 

Ap - Fa - Er • • * 

h, = Bq - or- Fp. .• . . . (2) 

^3 = Or - Ep - Dq * 

C 2 
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1 ’’Suppose, in tile first place, that tlic /lerophine is 
flying steadily in a liorizSntal straight linei \Vc talce this 
Rne "as our axis of x, and shall call it the Ihie (if jlight (the 
centre of gravity being (frigin as postulated), a line drawn 
vertically downipwrds as axis of y, and a horizontal li*iie 
perpendicular to these as axis of z. In tlie case of a syjn- 
metrical aeroplane, such as commonly exists in practice, 
the plane of x, y will be the plane of syninietry, so that 
D = Q and E — 0. It is here assumed that gyrostatic 
effects due to the rotatory inertia of the propeller are 
neglected. If it be necessary to take account of them 
this must be done in a subse<jiient investigation, by insert- 



ing addition.al terms in th(i eijuations of motion. For an 
adroplane with two propellers rotating in opposite directions 
the gyrostatic effects annul each other. 

If the aeroplane be turned into any other direction this 
latter direction could be specified by Euler s angular co- 
ordinates, but as these are not well suited for the study of 
small oscillations, the following scheme is preferable. ' 
Starting from an initial position, imagine the aeroplane 

first, rotated about the axis of y, through an angle yfr (this 
< 

— — ^ — I — . — 

^ In tlio system as specified inRouth’s Rigid Dynamics ” and elsewhere, 
the axes are first rotated about the axis of 2, then about the axis of y, then 
again aboilt the axis of The objection to this specification is tliat if the 
system receives a smaH rotation abtfdt the axis of .r, tliis cannot be represented 
by Samuil values of the angular co-ordinates. 
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merolj cJiangfis.itrf oriciiUtioii), JJicu al)out the axis of z 
through an, angle Oy lastl}’' al)oiit tln^ axis of x through ay 
angle 0. The cosines of the angles between the old axes 



‘^‘o> ^ 0 , ‘‘uul the new axes a*,, //,, arc* given by the 

following scheme : — 



i 

f 

Ui 



COS B cos yf/ 

sill <f) sin yj/" 

— cos (f) coH yf/^ sin B 

cos (f) Hin yj^ 

+ sin (f) cos yj/- sin B 

Vo 

sin B 

c(*s B cos (f) 

- cos B sin (p 


- cos ^ sin 

sin <fx cos y 

+ cos (j) sin yjr sin B 

cos 0 cos 0 

- sin 0 sin 0 sin B 


(•b 


If we assume, however, that the old axis of x is in the 
same vertical plane as>the new one, so that tlie change of 
orientation yjr is zero, the scheme assumes the simi)ler form, 




Vi 

• 

=1 • . 

*'’0 

cos B 

- sin B cos 0 

sin B sin 0 

!/(> 

sin B 

cos B cos 0 

- cos B sin 0 

•0 

0 

sin 0 

• * ^‘OS 0 


tr. 
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The angular velocities p, q, are giyeii'in tei.*ms of 
by the scheme, 

I 

p = ^ sin 6 

q ~ 0 sin (f> + cos 0 cos 0 

r — 6 cos 0-0 cos 6 sin 0 . . . ( 4 )^ 

reducing, as they should, in the case of 0 = 0, 0 = 0 to 

p = 0, r/ = ^, r = 0. 

It will be observed that 6 in the inclination of the Ihle 
of flight to the horizon^ taken positive when the aeroplane 



is flying downivards, and <f> is the angle through which 
the plane of symmetry is turned out of the vertical position 
when the aeroplane ttirns over sideways. 

15. The impressed forces and couples are due to 
(i) gravity, (ii) propeller thrust, (iii) air resistance. 

The components of gravity along the axes are 

W sin TTcos 0 cos 0, - fVcos 0 sin 0 . . (5) 

, the corresponding moments all vanishing. 

For the components of propeller thrust, we notice that 
in steady horizontal flight this acts usually in the direction 
of motion, and' vre ‘are therefore justified in choosing its 
direction as our axis of .r. (The more general case*is 



U • SMALL OSCILLATIONS . , 

• • 

discussed lat0i‘)|^ Let the tlirusl^be //, and let it act at a 
perpendicular distance, A, below the origin, tlien its 
components are specified as belovv : 

Point of application . ^) /i ^ 0 

Force // • 0 0 , 

Torque 0 0 -Ilh 

0 >) 

For the components of air resistance we assume that 
• these reduce to forces X, F, Z, and couples L, M, N, and 
that these are taken positive when they tend to retard the 
cor 7 'es ponding motions of traoislation and rotatuai. Tlius, 
e.g.^ the force acting along tlie the positive direction of 
the axis of x instead of being represented by X as is usual 
in text-books, is represented by —X This convention is 
made because the forces and couples are of the nature of 
resistances, and it really appears to work out more satis- 
factorily than tlie ordinary c.onveiition. 

We now write the orpiations of motion : 


•'■(S 

-7- 

rn 

g 


sin ^ + yr - .V 

(7") 


ru 

■*■7 ” 

pn) 

if 

),w. 

cos 6 cos (f) - Y 

(Tr) 

"'S 


qn^ 

!7/ 


" cos 0 sill (j) • Z 

(7w) 



!/ !/ 

(7l') 

gdt 

/>' i 1 


- cr 

'.1 

-Jtf . . 

<1 

{7'l) 

c/F- 
^ {idt 

+ (« 

- 

A)>^ - 

„ _ iih - N 

(7--) 


If the axis of x is a principal axis of inertia, F- 0 and 
the equations are greiy^ly simplified. 

Steady motion and small oscillations. 

16. Let the aeroplane ba desc.eiiding with uibform^ 
velocity U in the direction of the axis of x, and let this axis 
make a constant angle, ''^Lh the horizon. It ^ ill follow 
from conditions of symmeti’y that tho plane of y is 
vertical, and therefore </> = 0. In this case u is ccfhstant 
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and ocpial to U, wlierca? v, Wy j),. f/, r, tli,o \)thcr V^elocity 
Qompoiionts, are all zero. . 

Let tlie (‘omponents of resistance and thrust in this case 
1)0 denoted hy the ‘sufiix o, thus A/q, iV^, a^id 

//■„. The e(piations for steady motion become 

0 = ir Hin + H„ - x„ 

0 — IV cos — V„ 

0 = - 

0 = - Lo 

0 = - iM, 

0 - - //,A - N,. . . . (8) 

These 0(jualioiis merely state the fact that the foi’ces 
are in ccjuilibi’inm among themselves. Tlie conditions of 
C(|uilibrium may be studi(‘d by any methods that are most 
convenient, for exam[)lc, by the use of graphical methods. 

If the thrust, /f, instead of being parallel to the axis 
of X is iiK^lined to it at an angle i;, the first two equations 
are re[)laced by 

0 = frisiii 0^, + //(, cos rj - X„ iind 0 = J/ cos 0„ + //„ sill rj 

If now the aeroplane begins to perform small osijilla- 
tions in still air, we assume that in this case the velocity 
along the axis of x changes from U to f/+n, where ^/is 
small; further, that the other velocity conq^onents, 
Vy Wy i)y q, r, are all small. In the “ theory of small 
oscillations ” of dynamics we suppose that squares and 
products of Uy Vy Wy p, d-i'o negligible. 

The resistances, A^, T, Zy L, Af, Ny are functions of the 
velocity conq)onents, U-YUy Wy jh q^ find the further 
assumption in dealing with small oscillations is that to a 
first approximation these resistances are expressible in the 
form 

® * A" = Ao + vXy^ -f vX„ + pXp + qXq + rXy, . (9) 

i.e.y that they are linear functions of the small quantities 
Uy Vy w.jiy 7, r (the cocliicicnts being denoted by A„, A^', . . . 

... etc.). ®Tlfis assifniptioii, being commonly made 
in U-^atises on theoretical mechanics, as a first approxima- 
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tion where oscillations arj concerned, need not he 

here discussed. ■ ^ 

If the aeroplane is moving in a«turl)iilcnt atniospliere, 
tl;ere will be additional forces and couples caused by the 
gusts of wind ; in this case, we must add to the expres- 
si8ns, terms X,, F,, Zi, varying with the time, 

representing these disturbing forces and couples. It is 
clear that the first st(^.p in the discussion is to investigate 
what happens to an aeroplane when left to itself, i.e., when 
these components are all zero, and the aeroplane is said to 
be performing /rec oscillations. 

Separation of the two groups of oscillations. 

17. The six components A", F, Z, X, A/, N, being 
mch expressed as a linear function of n, v, w, p, q, r (for 
purposes of approximation), there would be altogetlujr 
thirty-six coefiicients, such as A",, A”,, if W(i knew 
nothing about the symmetry of our aero])lane. But if 
this is symmetrical, the coefiicients reduce to eighteen, the 
other eighteen vanishing. Thus A"^, Y, N do not occur 
with suffixes p, q, and on the other hand Z, X, M do 
not occur with suffixes u, v, r. It is easy to verify these 
statements, as the following instaiK'.es will show : — 

If, for example, X„ were different from zero (say positive) 
then a sideways velocity, from right to left (looking in 
the direction of flight) would cause an increase, in 
the head resistance A, whereas a sideways velocity in the 
opposite direction would cause a decrease. 

As another instance, if Z,, were different from zero and 
positive, then if the machine were to dip down with angular 
velocity r, it would experience a sideways resfstanc(j^ 
rZ^y which would be reversed in direction if it were to tip 
up, the angular velocity, r, being reversed. Xhe reader 
may be left to verify the® other* cfftes which present 
themselves.. 
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In the small oscillatioiys, moreover, Q wijl differ fro;n 6^ 
hy a small quantity e, and 0 will be small, so that we shall 
write : • 

sin $ = sin B„ ^ € cos cos 6 = cos 0o - € sin 6^ 

Bin (f) =* (J) cos (f) — 1 (10) • 

4 

Finally we suppose the new propeller thrust to be 
Ho + 5//, h remaining constant. When all those substitu- 
tions are made, U+ii being of course written for u, the 
equations (7) give 


< 

- IF (sin 0o 4- f cos 0„) + ][„ + ^ n 


- Xo - njr„ - vX„ - rXy . . 

. (tin) 

/ dt^ r U\ 

= W (cos 0„ — € sin 0„) 

'im* t) 



1 

1 

! 

t 

, (Ilf) 

%1'lt ;/ ) 

— - w (f) cos 00 



(Ui^?) 

1 '’j' I'"'*' 

' ^ IJIU. 

^ — ho — whff, — ph^, — <lL,j , 

• (U?') 

iJl v'llL 

^ gdi ^ (jdt 

= — M„ — - pMp - q^hq 

■ (117) 

C-- 
^ <jdl 

- - {Ho + m)h 

• 


-No - uNa - vN„ - rNr . . 

. (Hr) 


We substitute from the equations of equilibrium and 
rearrange the equations in two groups, the first group 
containing those (the first, second, and sixth) involving 
u, Vy r, the second (consisting of the third, fourth, and 
fifth) involving w, p, q. We thus obtain the groups 


= jreconBo + - rXr (12u) 

ry(^+ y) ^ ~ 

0^ = - h»n - uN „ - rJV. - rNr (12r) 


and.thc group 

* / dw 

wVTjir 
A% - 

ijdt 


qU\ 
u 1 

- F% 
tjdi (jdt 


W (f) cos " wZu, - pZp - qZq (13ic) 
- - pL,, - qL^ (ia/>) 


wM„~pMp-qMq (Viq) 
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TJ^ofirst griDiy) roprcsciit oseillatioiis in the plane of x, //, 
which wo call longitudinal or symmetrical oscilla- 
tions ; the second group represent rotations y>, about 
the axes of x and // and motions w perpendicular to tin*, 
plane of x, y, which we should describe as lateral. or 
transverse oscillations. It will be noticed, however, 
that while p represents a cant over sideways, 7 represents 
a turning round of the direction of the machim^ say a 
directional rotation, and w determines a lateral motion of 
translation. In view of the fre(j[uent attempts that have 
been made to separate lateral” and “directional” 
stability, and the fact that the motions arc not all 
rotations, it is better to distinguish the oscillations of the 
second group by the term asymmetric oscillations. 
Another alternative is to apply the term latcnd to the 
whole group of asymmetric oscillations, wliiiih are in 
general mutually interdependent, and in this book it will 
never be used except in this sense. 

We farther have, 

0, ^ 

as may easily be deduced from equations (4) or from 
geometrical considerations. 


Symmetric Oscillations. — Condition of 
Longitudinal Stability. 

18. To investig^e the symmetric oscillations we 
assume v, r, and e to be proportional to so that 


and we notice tluit the last equation gives r = Xe ; but the 
equations are of a more symmetrical form when r/\ is 
substituted for e than they \wuld bo if T^ere substituted 
for r (this is, however, a mere matter of convenience^ 
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Equations (12 u, v, r) jiow become on transposing , 



+ { 

?^cosfl„ + • 


/A , \ 

0 

/ W iJ \ 


yun+ Y,y 

+ 

sin 00 + IV J + y,.jr 

= 0 . 

Nu n + No V 

+ 

(d+jf,). 



( 15 ) 

We consider at the outset the simplest case in which 


the propeller thrust is independent of the velocity, so that 
hll = 0 ; in a later section we shall examine the necessary 
modifications when this assumption does not hold good. 
The right hand sides of the above ecjuations vanish, and 
on eliminating -y, r, the result assumes the form of the 
determinant 

+ X„, X, - ^ cos $„ + X„ 

0 ^ 

r„, + y,„ E sin =o 

f/ A f7 ^ 

iV., + AT,, 

<J 

(1(>) 

• 

Multiplying by A to remove A from the denmninator 
in the upper line and developing the determinant in 
powers of A wo get an equation of the fourth degree which 
we write 

4. ^ -- 0 . . . (17) 

where 

- CW'^ 

Y = OH\X\ + r,) + 

^ = C{X„Y, - X,Y,.) + (f'KLJV,. - Y,N„) + {X„N, - X,lf,)\ 

- 

. = XJ,Y,N, - Y,N,) + XJiVJY, - Y^N,) + X^Y„N, - Y,N,) 

+ W~(X,N„ - X„X.) + cos e„ - N, sin «„) 

fi = 7I - - Y,Nt} - sin - X,NJ 


( 18 ) 
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These coefficients nnay he simplifietl with adviinhtgt^ hy 
the Allowing ncHatioii :-»-writ(; for tlie deterniinant 

X, X.. i 

, T. • y.. ' 

I N, N„ .X, 

aii^l write Ux the minor of A’^„, and similarly for other 
minors, taken witli their pro2)or algebrai(j sign in siieJi a 
way that (c.//.) 

-I + X,rj^ = A„ — X„ii^ -{- y„Uy + Xc. 

tlnm we get 

‘X, - ewr-j 

— = (Jiv(x, + y^,.) + U'N, 

r,) - 

3)„ 1/ yr- 

~ry+ -J (X„coM^„ - X.HmS,) 

(S, w 

• ... ( 18 a) 

10. The conditions of stal)ility require tliat all the four 
roots^of the biquadratic equation for \ shall liave tlieir real 
part neg?itive. This follows from the assumption that the 
small disturbances u, v, >*, et(‘>., are all proportional to in 
a typical oscillation. If \i, Xo, X3, V, arc the roots, the 
exj)r(‘ssions for u, v, r, take the form 

^i, cii, being constant coefficients determined by the 

initial conditions. 

If any one of the roots is rcial and positive a 

disturbance of the form will increase indefinitely 

with the time and steady motion will lye unstable. 

If on the other hand Xj is real and negative and^ equal 
say to — /r, the expressions ii ^ rejyresent disturbances 
which decrease with the time, the modulus of decay or 
coefficient of subsidence beiiiff /c., ^,For ’such dis- 
turbances the steady motion “will be stable. 
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If the biquadratio has a pair of complex^ roots adbffi 
where i= v/— 1, tlie conVispondiug distuiljance takeS the 
fornj (f^(a cosy 9 ^ + /> sin St)y and if the real part«a'is*positive 
this represents an oscfilation which increases with the time 
and steady .motioh will be unstable. If on the other 
ha*bd the real part a is negative and equal tp —7, Jhe 
solution takes the form cos I 3 t + h sin fit) and the 

disturbance becomes a damped oscillation of which the 
modulus of decay or coefficient of subsidence is equal 
to 7. For such distiirbanc(‘s the S3^st(mi tends to revert tb 
its state of steady motion and is stable. 

The condition that the roots of a bhjuadratic equation 
shall all liave their real part negative' and thus indieaite 
stability of steady motion is given by Routh (“ Advanced 
Rigid Dynamics”). Supposing that is positive (as is 
the case above) this condition requires that 

2)<„ @ 0 , and 

where 

. . . ^( 19 ) 

shall all be positive. For a proof of these conditions 
we refer to Routh’s treatise, but a j)artial verification V)f 
the last condition > 0 may be given by examining what 
happens if the real part of a pair of roots of the bhpia- 
dratic ( 17 ) 

s- + (So = 0 

from being negative l)ecomes zero. In such a case the 
roots fiij — fii arc roots of = 0 and by substitution 

and equating the real and imaginary parts we find that 
X‘= — must be a solution of both equations 

5loX4 + C[,X2 + (5o = 0 
«„X*' + 2),X = 0 

The second gives 
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• • ’ 

which, suhstiflitod in the first, gives • 

• * • 

• • 3 ) “ • 3 ) • 

. + (*„=== 0 

or • 

~ = 0 

• • 

which therefore represents the limiting case when the real 
part of a pair of roots chang(is sign. The eorresponding 
ine(juality representing a condition for stability may also 
be written 


53 ,. 3 ),. 


(m) 


and necessarily implies tlio (tondition [)ositive if all tlie 
other four coefficients are ])ositive. 


Asymmetric Oscillations. — Condition of Lateral 
Stability. 

20. For the asymmetric oscillations we take w, p, g, 
and (f) proportional to and notice that in this case we 
havc^ 

(Iff) 

• \(f) cos cos — p cos $0 - </ Mil' 

which we use to substitute for in terms of p and </. 
Our equations ( 1 3 w, q) now become 


(jf^ + Z.,) ,0 + 1 

[xC03«„+ + 1 

f U JV \ 

- ir-- ^ Sin0„ + ^,A,= 1) 

+ 1 

+1 

( + 

= 0 

w + 1 


(/;!) + M.;), 

= 0 

giving on elimination 

• i ^ A 

u w 

Wj - y sin 0, + 

(20) 

a 

si 

1 

i J 

j 



= 0 

JVf • 

1 ■‘“w ) 

v •• 


, (21) 
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Mukiplying by expanding the determinant in 

powers of \ in the form < , ‘ * • . 

• • + 3 )iX + Gi =. 0 . . . ( 22 ) 

c 

we now have for the coefficients 
• = W{AIi - ’P) 

- ZjiAB - F^) + W[AM„ + DL, + F(L, + M,)\ ' 

= Z,IAM, + BL,, + F(L, + M,.)\ + 

- Z,iFM„ + BIJ) - {Z., - + AM„) 

- Z,/^L„M., - + Z,U..,Hh - M.M 

+ (^, - - M 4 ) 

+ j .'(F/v + AM, A sin e.. - {BL„ + FMA cos 
= J - M,,hA cos 6„ - {hjr, - sin d„|. (23) 


Tlic expression for (Si may also be arranged thus : — 


- A(Z,.M, - M„ZA + B{Z„L, - L„ZA 
+ F\(ZJI, - + {Z„h., - l,,ZA\ + -L,M,) 

+ Wj(FL„ + AMA 
Writing as before 




^■'p 

ilf«. 


and using as previously, c.(/., to denote the minor of 
Z,„ we get 
9(, = jr(AB - F‘) 

®‘ = ZJ,AB - F‘) + W{AM, + BL,. + F(i, + M,)\ 

(£, 

■p = -IPt + - ^<h + Pm) + 

• ‘ + W~j{AM,, + FLA • 

^ = Ai - (jg + — {{A sin Bo - /'’cos B^M^, 4- {F sin B^-B cos Bo)LJ 
y 9 y y 
G, TV • • 

^ = -jiPz^^onBo -*q^VmBo) .♦* (23a) 
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and if, as befgre, 

, , ( 2 +) 

the conditic^ns of asymmetric stability require that ^ 

(St, and .SPt 

slfUll be positive ; 9li being of nee.cssit^y positive, as is 
ef^ily sligwii l)y the principles of elemeiita,ry rigid 
dynamic's. 

Observations on the Resistance Derivatives. 

** 21. It will now be seen that if foi' a givtm aeroplane, 
moviim in a i^iven maiiiKn*, we knew the valiuis of the 
eighteen coefficients, X„ . . . iV,., or. as w(‘ may writer them 
for shortness (X, Y, and (Z, />, as well as 

the dynamical coefficients, namely, mass and moments of 
inertia, we could, by substitution iji the formiilm obtained 
above, ascertain if the motion in question were symmetric- 
ally or asymmetricMilly stable ; also by numerical solution 
of the bi(j[uadratic we could ascertain the ('liarac.ter of 
the small oscillations about steady motion, tluMr periods 
if ptjriodic, their logarithmic decrememts corresponding 
to stabflity or logarithmic increments corresponding to 
instability. For the coefficients {X, T, and 

(Z, L, I propose the name resistance derivatives, 

as it is convenient to have some name for them. 

Now assuming the air resistances to he proportional to 
the square of the relative wind velocity — and this is the one 
assumption the validity of which (under normal conditions) 
is generally admitted — the six forces and (touples X, F, Z, 
L, M, N will be quadratic functions oi U + n, v, w, />, 7, c, 
and their derivatives X^. , , N will be proportional to //, 
rc^nembering that we are only going to a first approxima- 
tion, and that sejuares and products of the small (fuan titles 
u,v\ w,p, 7, r are neglected in (leafing with small oscillation^. 
The quotients XJlf, . . . Nr/U will be constants for a 
particular machine flying jji a partjpfikr way. 'fhey 
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' wfll de])eii(r oil tlid foi*m, diniensioiis, .'ind jujraiigoment of 
the aeroi)lane8 and of 'the supporting frame W(,vrks (which of 
course also encounter air resistance), amf tliey will also 
depend on the inclination of the aeroplane to the line of 
flight. If they were determined ex[)erimentally for every 
such inclination that might (x^cur in practice, tlie problem 
of stability would be reduced to arithmetical calculaticn. 
At the same time, even granting the necessary experi- 


mental data to be known, the calculations would be 
exceedingly hiborious, and in ordm* to simplify them it 
would still be necessary tos(iarch for approximate methods 
of solution by developing the problem fui’ther on the 
mathematical side as a first step. 

In the next place, we observe that since in rectilinear 
motion along the axis of we have A", Y, N propor- 
tional to ( thereforci 




u 


Yu 


If 


N,, = 


2N„ 


(25) 


and Xo, Yo, Xo iire given by the conditions of equilibrium, 

0 - w sill + Ho - 0 = w cos - y,, o = - ii,ji - n„ 


and in particular if the propeller thrust is central so that 
No-O we have also N,, = 0. 

Remembering that.the derivatives are proportional to U, 
we find that the coefticients in the biquadratics in ^/(/ are 
dependent on U in the following manner, the suffixes 
being omitted from these coefficients as the conclusions 
are the same for both the “symmetrical” and “asym- 
metrical ” bi(piadratic : — 


51 is independent of U 
33 is proportional to tf 
^ 

3) is of the form A IP + BU 
(5 is proportional to f/- 

, We may, however, write cither biquadratic in the form 
of an equation in \/gU, thus : — 
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• • * • 

and the coetttcients of powers of U will tlieiv^ be as 

follo’Vb : — • • • 

constant 

(i • 

of ionn J + Til/-- 

(S 

l>ioi)<»i‘tional to U - 

The (liscl’iuliiiaiit of the e<(iiation in this form is 

(-JG - l/U 

and is of the form P + QIJ - where P, Q, R are 
eoiistauts. The condition of stability would thus a,i>pcar 
to impose limitations on the value of V. 

It must be r(;mend)ered, however, that stability, at least 
longitudinal, according to all a(i(te]>tcd ideas, has no 
meaning unless cijuilibrium exists, and when this is the 
case wc may luit the ijonditions of stability into different 
<'ther forms liy combining them with the coiiditions of 
eijuilibrium in different ways. W(i thus have to dis- 
tinguish between the priniitive coHdilums of stahUity in 
which no use has been made of the e(|uati()ns of (;quilibrium, 
and modified conditions in which these equations have 
been used to effect simplifications in the conditions of 
stability. Jf, for example, we say that an aeroplane is 
stable when its velocity exceeds a certain limit, it must be 
remembered at the same time that this velocity is deter- 
mined by the conditions of equilibrium, and that a modifial 
condition of stability may be substituted, in which the 
velocity does not a2)pear.^ 

On the other hand, there n\ay be cases in which* it* is^ 
desirable to consider stability apart from the (juestion of 

^ The discrepancies between certain ^y3sult.s given iittfeis book and tlnjse 
given in Bryan and Williams’ paper are thus accounted for. 
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ec[uilibtium. Thus itas important that when the motion 
•of an aeroplane is being aLCcleratcc^ in tlje. \l3ttieal plane, 
it should not tend to swing round sideways, in other 
words, that it should possess asymmetric stability even 
when the fo^'ces acting on it are not in longitudiiial 
equilibrium. Of course, in such a case the resistance 
derivatives will really be functions of the time, so that file 
investigation of the small oscillations will really be of a 
complicated character. It may perhaps, however, be 
sufficient to assume that the primitive conditions 
stability, det(‘rinined on the hy[)othesis of steady motion, 
hold good at every instant of the motion. 


Stability of a dirigible. 

22. If it be desired to investigate the stability of a 
dirigible balloon by the methods of the present monograph 
several modifications will have to be made. 

In the first plac.e account will have to be taken of the 
inertia of the displaced air. In the case of a sphere 
moving in a perfect liquid we know that this inertia is 
equivalent to adding half the mass of the displaced li(]uid 
to the mass of the sphere. For a balloon in equilibrium 
the total weights of the airship and the displaced air are 
ecjiial, and lumce the inertia of the air Ix'comes of con- 
siderable importance. The inertia of the contents of the 
gas-bag must also be taken into account. If we suppose 
the balloon moving in air to be represented by an ellipsoid 
moving in an incompressible medium, we can find an 
expression for the kinetic energy by hydrodynamical 
methods. This exi^rcssion will be, owing to the (assumed) 
isymmetry of the machine lAout a vertical plane, the sum 
of two homogeneous quadratic functions, one of U -f w, v, i\ 
and the bther^f. w, p, q, and the equations of motion can 
be wj;itten down by HaywaM*s method. 
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0 

111 tlie secSiiil place the effect* of gravity will ho entirely 
different, the weight of the airship being balanced by t^e 
buoyancy of the air according ^o the principles of 
A^'chiiiKides. In a state of e(|uilil)rium (at rcvst) the 
(Centres of gravity and biioyanc^y a, re in the same* vertical 
line, [f e is the distance between them, then when the 
axis of .r is been dcjircssed from a horizontal jiosition 
through an angle 6 , and tin', machine subsecpiently turned 
through an angle 0 about this axis, couples are produced 
about the axes of 

of amount 

- (', /r cos 6 sin (j) 0 - c W sin S 

and there are no component forces due to gravity along 
the axiis. Conseiiuenfhj the terms depending on the 
action of gravitg ocevr in the equations of rotation about 
the axes of x and z instead of in the equations of trans- 
lation, and the character of the oscillations is thus entireUj 
different. 

The priiKupal obstacle in the way of a satisfaidory treat- 
nieiit of the stability of a dirigible is the difficulty of 
making suitabh‘ assumptions regarding air resistances <lue 
to causes other than the imudia already mentioned. We 
might, of course, assume that these effects were, as in the 
case of aiu'oplancs, represented to the first order by terms 
of the form 

- Xo -hXu - iX„ - rXf 

where is jiroportional to TP and the rest are propor- 
tional to U. But to suppose that it is legitimate merely 
to add these terms to those dependent on the inertia 
of the displaced air (which depend on the acceleratiolis j;)f 
the system) is a very shaky assumption. All that could 
be said is that it would lead to conclusions which might 
be regarded as a basis of* comparison with results of 
experiment. 



CHAPTER III 

(IKNKRAL (WSIDKKATIONS REilARDING SYMM I^TRICAL 
DERIVATIVES 

Expressions for Plane Areas. 

23. Wc shall now show how in the ciise of pJdue 
supporting surfa(3cs (setting aside (*.aml)er for the present) 
the nine resistance derivatives (AT, Y, N),,, , can be 
found if the normal resistance and the position of the 
centre of pressure are known fun(*.tions of the angle of 
attack and of the angular velocity r. In the first place 
we assume, for sim])licity, that there is no tangential 
resistance ; such a resistance may be considered sub- 
sequently. 



Fie. 4. 


Let 1)0 a pla*iie area perpendicular to the plane of 
and slanting upwards at an ''angle of attach'^ a 
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to tlie*iixi.s 0 ^ uf. Lot be a p5int whose coordinates arc 
./•, //, contrarly situated on S, which may bo taken in tl»c 
first instaiKiO to be an origin from Vhich the distance's of 
tlj^ centre of pressure and otliiu- points on the idanc arc 
measured P the centre of pn^ssure. Let 11 be the 
resultant tlirust, f the perpenduailar distance of its line oF 
aedion from 0. Then the component forces and cou])le 
due to resistance (taken positive when retarding motion) 
a]’(i 

A' — H sill a Y = U cos a N — Ii^ . . (2(5) 

d'hc angle of attack being a, we may write 
li = KSWf{a) 

('P o, </)(<i) — .s (suppose) . . . (27) 

where K is the (a)(‘ffici(Uit of n^sistaiice, 

(t is tin; semi breadtli of the plane, or a (juantity 
determined by its linear dimensions, 

f{a), (l){a) ar (5 fumdaons determined by experiment, 
.•epre ;enting the relations (;onne(ding the nisultant thrust, 
and position of the centre of [)ressurc with the angle 
of* attack. 

We have further 

^ = X cos a - ij sin a -f n, — x cos a - if sin a -f- .s' . (2S) 

If now the additional velocity compomuits n, v, r are 
impressed, the velocity-components of C will be 

IJ n - tjr and v + xr 

and the angular velocity of the lamina about C will 
l)e r. 

To the first order of the small quantities u, v, ?*, the 
efF(;ct of these added velocitiesj’s to increase the re^iidt^nt 
velocity of C to U -f yr (as is evident by neglecting the* 
second term in the exact expression : 

vet- (U Y n + (t> + 

and to alter the direction of the velocity of C, tlius 
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increasing the angle of attack* relativt *to C hy an 
a.nouut 

* V + yr V + xr 

tRill ~ JT 

U + V — yr u 

radians to the first order of small quantities. 

Hence, to the first order the new values of R and 
the distaiiee f, arc*,, so far as tlmj depend on the transla- 
tiomd^ veloeitipcot)ij)onenfs of C, given I)y 

I{ - KSU%a) + 2KSlf(u - vr)/(a) + KSU(v + xr)fXa) . (20) * 

^ = X cos a - ]! sill a + 0(«) + a — qj — 0'(n) . • . . (30) 

wIku'c f\a) «ond (/>'(«) arc the differential coefficients of 

/(“) ancl <#>(«)• 

24. Hut the lamina possesses in addition an angular 
vehxjity r about (7, and in consequence of this neither the 
resultant thrust /i, nor the coordinate of the centre 
of pressure can bo expected to be the same as if the 
motion of the lamina were one of uiiifoi'm translation. To 
allow for this difference, it is necessary and sufficient 
to assume tha t /(a) and ^{a) not only are functio'ns of the 
angle of attaede a relative to the point C, but also that they 
depend on the angular velocity r of the lamina relative 
to a 

Now, if the velocity U and the angular velocity r 
arc increased in any given ratio n\\, it is clear that 
the motion of the plane will be the same as previously, but 
will take place n times as quickly. The resultant thrust 
will be times as great, being proportional to and the 
position of the centre of pressure will be the same as 
before. From this reasoning we see that f[a) and <f>{a) 
must* be regarded as functions of the ratio as well as 
’ of the angle of attack a relative to the point (7, and we 
may, therefore, write their corresponding variations to the 
first order ‘ . 


XjfM awcl 
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SO tllAt 

• 

wh^rc f,{a) and are certain coefficients whicli we 

may call tlie rotary derivatives of /(a) ‘aiii <^(a). Tljc 
physical assumption that is liere made is merely the 
o-eneralisation of the law accordintr to which the I’csistances 
vary as the s(p3arc of the velocity, so tliat if all the parts 
of a system move a. times as fast, the forces due to air 
resistance are increased n- times witlioiit l)cing cliangod in 
direction or position. 

25. Making the necessary substitutions we obtain the 
following results, writing f = cos a—y sina -{■ a<l){a). 




f(a) sin a, 

.V, 

kscr 


Ksi’f -A«)co.s„, 

_r, 

• ksu 




KHU 


^^2yt«)sin.,, sin,,, 

= !•>/'(«) -a#") +/,(")! «in <■ 



= !•»/'(“) “2///(«) i‘/»(«)I CO.S a 

■=b/X«) • -.'//(«) +/*•(«)» ^ 

(;u) 


If there arc; two or more planes and tlie actions of the 
air prc'ssiires on them are independent of each other, the 
derivatives for the system are obtained by adding those 
for the separate planes. This assumes that the air 
encountered by one of the planes has not been disturbed 
or set in motion by the cither, in other words, that neither 
plane comes into the ‘‘ wash ” caused by the other. The 
effects of “wash” will be discussed briefly at thc^end of 
the discussion on longitudiiull stability, although a great 
deal of experimental work would be necessary to attain 
anything like finality in dealing with tlnyi^ • 

26. We now notice the foriowing reiflilts which greatly 
simplify the subsequent calculations. These resists, 
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unfortunately, did not Ciome to, my notice' until ’niiicli 
, 1 ong and laborious algebra had been goiiotthrougli, by 
wliicli they wore prov ed in the first instance. 

(i) If is onhf a shujlc. pfrme surface^ or rroh if 

tkorv are several parallel phtnes^ the (leteriiiinant A„ 
vanishes and in addition the minors of its third line 

V(tnish. 

(ii) If there are two pJan,e snrfaees only, ami if the 
displacemeiits <f the ventre of pressure, a<t>\a),a([),[a), he 
neyleeted, then the determinant of the (hnivatives for 
either 2 )lane has three rows and three (u)lumns 2n*02)ortioiial 
to one another, i.c., using accented and unaccented letters 
to refer to the two j^h^ues the determinants. 


A'. 

A', 

A", 


A'', 

Y'r 


Y„ 

y. 

and Y\, 

Y'v 

Y'r 

N„ 

N, 

AT, i 



N', 


each liavc three rows a.nd three columns proportional, and 
the resulting determinant A^, wliicli is 

.V« + A', f 

r„ + Y„ + Y\, r, + Y', ' 

N,, + N’u N„ + N, Y N', 

can be expressed as the sum of eight determinants, one 
formed by taking the first determinant, three foriiKid by 
taking two i-ows or columns of the fii*st and tlie remain- 
ing row or column from the second, and so on. In such 
cases again, each of these determinants vanishes since it 
has at least two rows or columns ])roportioiial to each 
other, and the result is that A^ again vanishes? 

^ All altenijit-ivu pri)of is given as follows. Writing = *</'(") + 2 ///(h) -l-/r(«) 
and usyig suffixes 1, 2 to refer to the two planes, the determinant A„ is 
^ininiediately recognised as the proddet (written down by the ordinary rule) 
of two determinants, namely ; 

m * .AVV'W 0.. X 

, KAV AVW 0 

w is eciual to zero. 


sin sin 

Ct»S fij Cos (t.^ 
$2 


0 

0 

0 
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(iii) ff <p\a) not uc^ected, niid there are two 

plane surfaces, the only parts of which do not vanish^ 
will be those in which occur as 

fact*>rs, a„ a. being the inclinations of the twojdanes, and 
these will be multiplied into the minors i^-od it k 

easy to see * 


-/(«2)/(«i)I - «2) . (32) 


aiyl that can b(‘ express(‘d in a somewhat similar form, 
also containing sin (ai — a.,) as a factor. Without looking 
further at the present stage of the investigation, it will be 
seen that the determinant A^, so far from giving rise to 
laborious cahailations, eitluu* vanishcis or reduces to some- 
thing readily calculable and probably in most practical 
a})plications negligible. An exception will be discussed in 
due course, in which it will be shown that in soim^ cases 
stability may be increascxl by the use of threo planes 
esi)ecially arranged so as purposely to give a value of A„ 
bfferent from zero. 

(iv) In the case of a single plane surface, using the 
expression for namely, 

- - —{i\^cos6o •• 

we obtain 

. . (:!3) 

and it follows from the (condition positive that a 
single plane cannot he stable unless <^'(a) is negative, 
that is unless the centre of pressure moves forward 
when the angle of attach decreases. This is the case in 
Eictual practice. Also we see that to secure stability, the 
plane must be sufticiently bremd for the shift of* the 
pressure to have an appreciable effect. In such cases, 
however, it becomes necessary to take account* of the 
effects of the coefficients f{^ and <^,.(«) in the other 
3onditions of stability. They do not occur in 
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Observations on* the Rotary i)erivatives. 

27. In tlie foregoing work we have introduced two 
dcrivativ(is, /.(a) and (f>,(a), such that f,{a)rlU 'and 
<l)y{a)rjJJ, represent the changes in the values of /(a) and 
</)(a) when tlie lamina receives a small rotation r about 
the point (;r, //). It is important tliat the effecits of 
rotation on the resultant thrust and position of centre 
of pressure should be investigated ex])erimen tally if brOad 
aeroplanes and aerocurves arc to be used in aerial naviga- 
tion. Ill the original results in Bryan and Williams’ 
paper, these rotary derivatives, as they may be called, 




Relatiue Vel. 

^ 

— U of wind 


Fid. 5. 

were neglected, failing the existence of such experimental 
data, and the same thing has certainly been done in all 
stability investigations till now. We may certainly get 
rid of one of these by suitably (choosing the point C {x, y). 
For /,’.(a) only occurs in xf{a)-2yf(a)-\-f,{a), and all that 
is necessary is to write 

»/'(«) - 2|//(a) + fr{a) = yfia) - 2y'f{a) 

this gives one relation determining the co-ordinates (.//, y') 
of Cl, the new position of C, and we may further assume 
that Cl is in the plane of the lamina itself. The point Ci 
is char?xtcrised by the property that rotation about Ci does 
not aifect the rbsultant tltVust on the lamina. 

•' Now let AB (Fig. 5) represent the lamina, C its 




LONGITUDINAL DERIVATIVES 


4S 


III 

niidclle jioint. • Then if tlie lainiinj r(3coivo an nagular 
velocity r A it‘^will iiun^e away from tlic wind, 

and we naturally infer that the resultant thrust will 1)C^ 
deereascd. If it rotate about li in. the same diroetion 
it \aill move towards the wind, nnd we infer that the 
resultant thrust will be increased. We Are thus led b) 
believe thaf lies between A and B. If tlui lamina 
rotate about its centre U, the thrust will be increased on 
ylUand decreased on BC, but as the thrust is greater on 
tlic^ forward part AC than on the bacdvward part BC, 
it appears probalilc that the net result is to increase the 
thrust. Ilencc we infer that the recpiired })oint (7, is 
probably in front of C and quite near tin*- centre of 
pressui’C. 

A somewhat similar line of argument may bti ap])lied 
in connection with <fi,{a), A positive rotation r about 
a point on AB produc(‘d considerably beyond B will 
(au'tainly increas(‘ the angle of atta(4v and cause the centre 
of pressure to move bachivanh. A similar rotation alioiit 
t! poij^t on BA })r()diiced considerably beyond A will 
(Le(Tcase ^hc angle of attack and shift the (icntre of 
in’(;ssure forwards. But a rotation about (J appears 
likely to increase the pressure; on the forward part of the 
plane and decrease that on the backward part, shifting the 
centre of pressure forwards, and hence it would apt)ear 
that the point about which the lamina must be rotated 
in order that there may be no shifting of the centre of 
pressure is probalily lieliiud (7, and (iues not coincide 
therefore with (7j. 

The last argument is somewhat indefinite, as it is 
impossible to be quite sure that a current of air imping- 
ing t)n a rotating lamina would behave in exactly the way 
that appears most plausible. ‘There are, however, two 
methods of investigating the question experimentally ; a 
mu(di more satisfactory alternative. ^ ^ 

28. The Whirling-table M^hod. — Suppose the lamina 



46 SYMMETRICAL OR chap. 

♦ . ® ^ 

attached to a rotatiiyj arm and wliirled iirsiicli a way as 

to give a forward velocity IJ at t^e pointed * • • 

If the lamina be rotated al)put 0 where 
OC=a, #then we have r^Uja\ if rotated 
about a point 0' on tin* opposite side* we 
should liave r=--Uj(i. If then /(a) and 
^(a) be ol)served by determining experiment* 
ally the resultant thrust a,nd position of the 
centre of pressure wlum rotated first al)out 
0 and secondly about O', tijc difforeiK^e of the 
two values of /‘(a) multii)lied by tlie hmgth 
(tj"! will give yX®)> difference of the 

two values of ^a) multiplied by a/ 2 will 
similarly give values being in eitlu'r case 

referred to tlui point C. 

29. The Pendulum Method. — According to the Blue 
Book for 1909-1.910, experiments in a wind tunnel which 
produces a current of air that may be nssum(‘d uniform 
give better results than whirling ta.ble (experiments. To 
adapt this method to tine rota-iy derivatives, it is mav^ssary 


c u 


lo 

Fi(j. (). 



¥ui. 7 . 

to attach the lamina under investigation to a pendulum 

and observe the oscillations. To eliminat(i the effects 

• « 

of air resistance ^n the peRdulimi the latter would have 
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to 1)0 iiuuUi iii.bho toriii of a Jiso or splioro, uiKMjiially 

loadodj l)ut it"i axis iu the ^^xis of rotation (Fi^. 7). 

dlno) only tangential resistances would oenir, the. resultant ^ 
oon[>lo due. to tlu'se. would be proportional to the S(piare 
of the angular velocity (as may easily be shown), ainl its 
efftict on small os(*i] hit ions might b(‘ negleed.ed for an* 
a ppif)ximatc ^‘alcnlation. 

liOt AB be th(‘ lamina, 0 the centre, of suspension, 
(r the. (‘cntre of gra.vity of the whoh‘. mass, = inclination 
of^O^r to verti('al, « = inclination of .1/^ to horizon, so 
that a = constant. If is the moment of the resist- 
ances a])out D, then when the lamina is at rest we have as 
iu (:U), 


N — K^U\f{ti){x coiK a — (/ sin (t + u(f>{a)) . . (IM) 


Idle general (‘fpiation of motion is 

- iv.odum e + N 

(jalr 

where / ^inomi'iit of inei'tia of whoh‘ mass about U. 
For (‘(juilibriuni we have 

0- - WAHi sin + N„ 


lua small oscillation if ^ = and a = «„-|-e, and the 
angular velocity de dt is (;([ual to — we have 


.sin $ — sin S„ + f cos 
N •=. ff., + i-N, 


a, lid tlie equation of small oscillations becomes 


f/-€ (U 

+ ^',11 + 


A 


JVA )(> co.s 0 „ 


AN 

(la 




(35) 


wheiK'.e the modulus of decay is <jN,j2ly and if the period 
is then 






~ daf " 4/-' 


This holds if the motion be oscillatory, a conditio^n that 
can be always secured by makidug 0(J suUfciently great. 
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The value of dN/df.*h got by directly differentiating 
with respect to a. 4 • ^ c r , 

It follows that by ohaerving the modulus of decay 
Nr can be found, (av if Nr be negative the logarithmic 
increment of the oscillations will determine it. 

‘ Now using the notation of (31) § 25 we see that if 
is thus found for two different positions of the pokit C 
{x, y) on the lamina, with the same angle of attack, a, the 
formulae for iV^ ('ll) will give sufficient data to find 
both fio) t^-nd <^,.(a). It may jicrhaps Ixj safe to opiit 
furtlier details of the method as the reader can probalily 
supply them. 

This conclusion suggests, however, the possibility of 
going further, and instead of using a single lamina, experi- 
menting with a model aeroplane so as to find the values 
of Nr relative to' different points in its plane of symmetry 
as centres of rotation. The idea suggests itself, to use 
the results to determine the resistance derivatives of the 
aeroplane considered as a whole, instead of building them 
up from a considciration of the separate surfaces. The 
problem thus arises : Given the values of N,. referred 
to different origins in the plane of symmetry, to find 
as much information as possible about the other resistance ” 
derivatives referred to a single origin. This involves 
consideration of the transformation-formulse for resistance 
derivatives. 


Formulae of Transformation. 

30. Let U u, V, r be the velocity components, X, Y, 
iVtlie resistance components referred to the origin (0) ; 
let accented letters refer to parallel axes through the 
point (aj, t/). We have 

• = u* + i/r, u = V — ccr, r = r 

■ r « r, N' = N - xY + yX . . (36) 
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and tlni tnuisfievmation fonnulii; ^all*iinder t.be following 
types 

(1) For (A; Y) „ the iyi)e A",?i == 

(2) For (A”, Y)r the type 

A",. I = Xy + //A'„ - .> X„ 

^‘i) For the type 

iY',,. - iY„ + ./X. - .rY„ 

(4) For Y,/i tlio type 

~ {<h + ~ ) 

■= N, - 4. r^) 4 ,^,V„ + .V 7 ) 

+ K„ - ,,■;/( W„ + y'„) + . (.-iT) 


It will thus lui seen that detuniiiiuitioiis of tlio rosist- 
ance-couplti-tl(‘riv{itive N,. about (lillbnuit origins will uive 
the values of 

A„, r,„ Y,, Y„ + F,, Y„ + AX F„ + .V; 


and as the values of N,, are e(|ual to 2XJ (/, (‘tc., 

only one further datum is needed. If the e,ondition 
.'^0 = 0 satisfied this datum is availalilc. 

31. Th(^ formuhe for change of axes, tluj origin being 
constant, arc as follows : using unaeeented lettm’s to refer 
to old axes and accented letters to refer to ax(;s making an 
angle A, in the positive direction with tluun wi*. liavt* 


Y' = Y 


u = u' cos A - 1 / sin A, 
X' — X cos A -f Y sin A 
d d . A d 

-77 = “«^dr. + 


dr dr 
V ~ u' sin A + d cos A 
Y' = - A"' sin A -f F cos .1 
d . . d , d 

d? 


-siiwi +cosA 


m 


whence the resistance derivatives referred to the new axes 
can easily be expressed in ternw of those - referred to the 
old axes, for example : 

» X,^ cos^A 4- (.V"., + F„) sin A cos A + F„ sin*-* A 

K 
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32. The chief difference between plane and curved 
surfaces is that in the latter tlie direction of tlie 
resultant pressure may vary with the angli^ of attack, 
and we should have to use two letters, a, a', the first 
denoting the inclination of, say, the cliord of tlie aero- 
curve to the axis of x, the other a denoting tJie 
inclination of the resultant thrust to the axis of y. tor 
Turnhuirs doulily curved surfaces experimental data would 
alone lie availal)le, but if the section of a surfacci is a 
circular arc of radius e, it is clear that the resultant 
thrust will pass through the centre of curvature, and if the 
centre of pressure be shifted forward through a distance 
hs = (a)haj the direction of R will change l>y an amount 
ha equal to or 3a' = 3a x <^/e{ — </)'(a)} (for a plane 

surface <f/{a) is negative). The most important efleet of 
this when the angles are small will be to produce a 
variation BX in the horizontal component ecpial to 
R cosa 8a, and, when the necessary substitutions are made, 
it is seen that the principal effect of curvature is to 
introduce additional terms into the values of X,, and X,.. 
The magnitude of these terms depends on ajc, that is, on 
the angh which the arc subtends at its centre of curvature, 
not on the actual size of the aerocurve. They might 
thus become important even with narrow acrocurves if this 
angle is not small. The corrections thus introduced are 
discussed in § G9. Further corrections may be examined 
at a future time if deemed advisable. 

The principal difficulty arises from our want of 
infolmation regarding the rotatory coeflicients </)r(a) 
which also lead to variations in the angle a\ till these 
variations have been studied the stability of aerocurves 
must be to '^du^e extent , uncertain, and the extension of 
resitlts calculated for plane areas must be regarded as a 
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workin;^’ thesis, diverp^eiice^ itetweeii 
experiment being anticipated. 


theory and 


Narrow Planes at Small Angles. 

• 

Owing to the dou])tful jxjints raised in tin' previous 
paragraplis, as well as for reasons of simplicity, the study 
of aero[)lane stability is best commenced by the considera- 
tion of systems of narnno plane at small anyles. 

By the term narrow planes a})p]ied to an aeroplaiu' 
with two or more jdane surfaces, one behind the other, it 
is to be implied that the breadth or “ chord ” of either 
plane is small in comparison with their horizontal distance 
apart. If the aci’oplane receives a small angular velocity r, 
the difterence of velocity set up between tlu' front and 
rear edge of a plane will l)c small (Compared with the 
difference in velocity set up between the two j)lanes, and 
for this reason, the rotary derivatives may Le ncylected 
On comparison with ([uantities actually taken into a(*, count). 
Further it may be assumed in tlie first instance that the 
shifting of the centres of 'pressure with V( crying angles of 
attack [f.c., the (pian titles a<f){n)] are negligihle owing 
to the smallness of a. 

We shall now assume that the point C (of § 23) the 
position of which has liitlnn’to been left arbitrary is chosen 
to coincide with the centre of pressure when the aeroplane 
is flying steadily. That is, 'we now define x, y to he the 
coordinates of the centre of jyressnre in steady flight, 
so that 0(a) = 0. The assumption that f{a) and rt0,(a) 
are negligible thus becomes equivalent to neglecting the 
distances from the centre of pressure of the points C\> 
considered in § 27, an assumption which, as we have seen, 
is probably fulfilled more approximately in the case of C\ 
than of C!,. 

When the planes are gliding^it small angles we imply 
tliat the angles of attack a are small, and in s’*uch^ 
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circuinstances it will be ^assumed .that the thriisi 

0)1 a 'phi)ie varies as the shte of the (oigle of attack. 
riii's property is conipionly expressed by the formula 

P = 2P„rt sill a ^ 

v^licre is the pressure when the angle of attack 
is 90°; of course the formula fails when'' a is (*on- 
sidcrable, for with a = 90° it would give F = 2F.m 
instead of P = P,^q ; other formulfe liave been proposed 
which get over the difficulty, such as Duchemin s 


but for small values of a, the simpler one is usually 
regarded as sufficient. We thorfore write f[a) = sin a. 

We further assume that sin a is small and that tlie 
approximations sin a = a and cos a = i may be used if 
desired, and that terms of the order a may be neglected 
in coDi'parisoii fvith fi)dte (pwmiities. Remembering, 
however, that in horizontal flight 

H = ^KSU'^m\U . . . . (39) 

it is evident that even sin- a cannot be negleeVed except 
in comparison with quantities of lower order. 

With these assumptions, and writing 

= X cos « - v sin 3, — X cos a — 2\j sin a 

the tal)le of derivatives in § 25 reduces to 

^ t X Y 

= 5XNsin-o ^‘=22A'5'siii“ a, 2/r*Vsiri ocos a, ^■^^ = 2A'*9{"sino 

Yu Yr. 

- 'ZKS Hin a cos o = 22 A’.S' sin a cos a, ^ = 2 AT/^cos*^ a, ^ ~ 2KS^' cos a 

iV« iV„ TV. 

= 'ZKS^ sill a ^ r = 22 /TAV sin a, jj - 2 /f cos a, 2 

(40) 

'fhe equations of e<]uilibrium in horizontal flight 
become 

JI — ?7‘“2A'*S' sill‘d a, W = U'^^KS sin a cos a, - flh = sin a (41) 

34 The notation.e*-A further simplification which 
will be found to be of great use, especially in dealing 
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with stnhilitv* under aunplicated etfnditioiis, eonsists in 
the sub.stitutions S' = S cos^ a and ^ = tan a. With this 
substitution tlic foregoing formula) give : 





-,5ACSV(.r-‘2//u) 


\f=-2SKS’fL 

y'-SA-.S" 

r, 

- 2 - !/fi) 


Jj ='2:iKS'fi(x t/n) 

.V. 

U='ShS'{x !/ft) 

--2A’.S''(.f-///t)(-‘' 


(!' 

with 

// -- U^XKS’/Jt:^ IV U'iKS'fx Hh = U-:iKS'^(.v - //ju) (41 


The Principle of Independence of Height. 

35. Since the angles a are small, and are both ap- 
proximately equal to Xy and the resistance derivativ(’s are 
to tliis approximation independent of the y eooi’dinat(\s of 
the planes. We thus see that if cm aeroplane is stable 
ivhen the planes are on a level with the ventre o f gravity ^ 
rhe si ability is only very slightly affected by raising or 
lowering^he planes. 

'If instead of raising or lowering a plane vertically it bf) 
displaced in a direction penpend icular to itself y the value' 
of will be unaltered, while will be decreased by y sin a, 
so that only this small difference between and will 
affect the stability, and the (*onditioiis of equilibrium will 
be unaffected. 

In this (‘-ase the line of action of the normal resultant 
thrust on the plane is unaffected by the displac'cment, and 
the only difference is that the tangential velocity of the 
plajie due to a rotation, 7*, of the aeroplane is altered, the 
corresponding normal vt'locity being the same as before. 
AVhen the angles of attack are small, tliis change, of 
tangential velocity has only a small effect on the resultant 
thrust of the air, and is far l^jss important' than a change 
of normal velocity would be. 
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The present deduc^rion may ))e, called tl^3^ “ Principle 
of Tyidependence of Height J' This propetty seems at first 
{^ghb at variance with what one would nattirally expect 
from analogy with the (‘ase of a pendulum whose oscilla- 
tions depend essentially on the height of the poinf of 
suspension above the centre of gravity, or ag?vn from ,the 
case of an aerostat. It must, however, be remembered 
that tlic principhj is based on the assumption that 
tangential and head resistances are neglected, and tlie 
difference will be made clear by taking monients in eacii 
case al)out the centre of gravity, with the aid of the 
following diagrams : — 


w 



Fio. 8. Fkj. 0. Ft(!. 10. 

In the pendxdmi (Fig. 8), the point of suspension C is 
fixed so that tlie pendulum can only turn about C. In 
this case rotation about G is set up by the moment of 
the tangential force P acting at C at right angles to GC. 

In the aerostat (Fig. 9), the liydrostatic thrust W\ 
e(]ual to the weight of the air displaced, acts vertically 
upwards although the ceiitrc of buoyancy C and its 
moment about (r tends to bring GC into the vertical 
position by p];;ocJucing rotation about G. 

h\ i\\Q plane ^pa 7 'ac 1 mte^*(Yig, 10) without tangential 
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• • 

resistance, if variatiniis in the posi^on of the cenlrc oi 

pressfire are neglected, the resflltant thrust R always 
passes through G, and lias no moment tending to turn thg 
jiarachute about (f. Of course tlte weight IV lins a 
moi^icnt about (7, but all the forces pass thrpugh and 
tliejr only effect is to produce an aiicele ration of the 
jiaracliute as a whole in the dirc'ction of tlu', ri'sultant force. 
When the forces on a body have no moment about the 
centre of gravity they have no tendency to produce 
rotation. On the other hand, a tangential resistance would 
tend to turn the parachute about 6r, bringing the axis (rC 
towards tin' V('rti(*al position. 

Fig. 1 L shows an aeroplam^ with two narrow planes, 
Aj and centre of gravity, (r. If the normals to the two 


Fi<;. 11. 

])lancs int(irsect in 7, the point / will presinit the nearest 
analogy to the centre of susjiension of the pendulum of 
Fig. 8, or (ientre of buoyaiKjy of tlui balloon in Fig. 9. 
The resultant of the two normal thrusts at A and B will 
jiass through /, and if it does not act along (il, its moment 
about G will tend to rotate the aeroplane. But if A or 
B hre displaced perpendicular to themselves to A' and B\ 
the normals to them will still meet in the same point /, 
and the equation of moments about I will be the sfime as 
before. The thrusts on A' and B' will also lie the same 
as on A,B when the aeroplSlie has no •rotation about (G 
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and VI lieu it rotates the normal velocities of A', B' will be 
the same a,s of A, B, while thej difference*^ 'of tangential 
^velocity between A and A^ only has a snjall influence 
on the resultant thrusts. 

In actual practice it is certain that, owing to head resist- 
ances and tangential forces, stability will be affected to a 
sensible extent by raising or lowering the planes, and 
also, if the planes are too high, a sudden gust of wind 
will cause the aeroplane to heel over. 

Tile inference*-, then, is that this effect must be in large 
measure attributiid to tangential forces or head resistances. 

On tlie other hand, the principle receives confirmation 
from the fact that successful flights have been made with 
machines in which the centre of gravity is above the 
aeroplanes. 

It must not be forgott(*n, too, that we arc now only 
considering systems oi planes^ not curved surfoces. 

An important corollary is that there is no practical 
difference bctwe<;n monoplane and biplane machines in 
respec-t of stability. It is the horizontal, not the vortical, 
disposition of tlio planes on which stabilitj' mainly 
depends. The nomenclature ‘‘ monoplane '' and “ biplane ” 
does not (jover the Jiecessary distinctions. The diflbrcnces 
with which we are concerned are l)(}tween the siugle-Uftimj 
system in which the whole of the weight is su])ported 
eithei* by one plane or by two or more vertically super- 
posed planes, the remaining planes taking the form of a 
tail or rudder only, and double- or 'multiple-lifting systems 
in which the weight is supported by two or more planes 
(or sets of superposed planes) disposed in a fore and aft 
direction. 



CHAPTER IV. 

GKAPHIC STATICS OF LONGITUDINAL KC>UIJ JBKIUM. 

Single-Lifting Systems. 

3(). Before considering stalnlity further it is useful to 
discuss the problem of longitudinal e(juillbrium vvitlj 
special reference to steering in a vertical plane. This can 
best be done by graphic methods. 

In the following disemssious we shall in general suppose 
the aeroplane to be longitudinally stable. In such cases a 
variation in the direction of tlui rudder plane or in the 
propeller thrust will cause the aeroplane soon to assume 
t\u) iivfw position of ccpiilibrium determined by the altered 
condition^. If the aeroplane is not stable we can still 
examine the effects of a change of the kind on the con- 
ditions of equilibrium, although the effect of the 

change may be the reverse of that needed to bring the 
aeroplane into e{pulibrium and the new equilibrium 
position may only be attainable by careful manceuvring. 

(.Vase 1. — Single-Lifting System with a Neutral Tail or 
Rudder.— We speak of the tail or rudder as nciitml when 
its plane is parallel to the direction of the relative wind 
so as to encounter no normal thrust. This is sometimes 
referred to as “ grazing incidence.” In this case the 
following three forces have to l>e in equilibrium : — 

1. The weight W aeding vertically through the centre 
of gravity G, 

2. The resultant thrust It the suppyttiTig plane. 

3. The thrust H of the propeller. 

57 
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The first condition' of^ equililniuin is th^t^ these three 
forces must pass tlirough one poiift. ^ 

' Suj>posr 11 pauses ihroiKjh the eenfre of* (jraciljj G, 
tlicn R will also pass through G (Fig. 12). 

/riie other condition of ccpiilibrium is that the tlirec 
forces W, R, II a,r(' parallel and proportional 0) th(‘ three 
sides of a triangle. Also IT is coiistniit while the angle 
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The two superposed planes eonstitiUc a “single htting system,” the tail ])lane 
being in general “ neutral” (§ 3t>). Being us<'<l as a glidi'r, the longitudinal 
stability woidd bo greater than in a similar aero])lan(^ projielled hori- 
zontally (§ do). The photograph was given to the author by the late 
Mr. Octave Chanute. 

between II and tliti main plane is constant and we will 
denote this angle by w. ^ We then have the following 
geometrical construction for the triangh*. of forties : — 
Draw DE vertical and of length IT units. On I)E 
describe a segment of a cirjilc containing an angle 1)0 
and in it place a line DF containing II units of length. 
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Then FI) vvilV lie iiaralU'l to the force 11 and FjF will be 
pamllul and proportiona! to tlio normal force R (Fig. 13). 

Tlic aero}5la]io will therefore be in cipiilibrium wiiefi 
the axis of the propeller is paralh‘1 to FD and tin? main 
plane is per])endicular to FF. .In ordei* that FD aijd 
therefore may be horizontal we must have //= IF tan w. 

The direcition of tlu^ aei-oplane relative to the horizon is 
thus d(‘t(‘i’mincd by the magnitudi* of the thrust H. If 
IJ be inereasi'd F will b(‘. lowered rela-tivc to D and the 
aerophinc will [loint more upwards. 

The actual diree.tion of Hight is in the present instance 
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Fig. la. 


parallel to the tail or rudder plane; if this bo altered in 
direction for steering purposes the direction of Hight will 
alter accordingly. This cojiclusion de})ends essentially on 
the hypothesis, mad(! in dealing with narrow planes, that 
wo negle(*t the shift of the centre of })r(issure when the 
angle of attack is varied. In this case if the three forces 
ir, //, II ever pass through the common point G they 
will always do so, hence tlui conditions of equilibrium 
reipiire that the moment about G of the thrust on the 
ruchler vanishes, thendbre the thrust itself must vanish 
and the rudder must always IxT muitral. 

Finally, if tho anghj of atta(;k is a, the velocity of the 
aeroplane is determined from the equation 

H = AW^sina 
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or indeed from the assumjd law of resistance, .^lipposiug the 
sine law bo not assumed to hold gdod. Thus in conclusion, 
^^^hen there is equilibrium 

The inclination of the machine to the horizon depends 
exclusively bn •the propeller thrust. Increasing \his 
causes the machine to tip up in front, detereasing it 
causes the machine to tip down. 

The direction of flight is always parallel to the 
phme of the tail. If this he turned in direction, a 
corresponding change ivill take jdace in the direction 
offl'Hjht. 

The magnitude of the velocity U depends on both 
causes, being determmed by the law of resistance. 

37. If the propeller thrust H does not pass through G, 
the forces H and R will intersect in a point I, wliicli is 
fixed relative to the machine. In order for the tail to 
be neutral the conditions of equilibrium between the forces 
W, It, II require that (7/ shall be vertical. If the machine 
be tilted forwards or backwards this will cease to be the case, 
and the rudder plane will necessarily cease to be neutral 
as is evident from the equation of moments. And since 
the inclination to the horizon depends on the value of II, 
there will be only one value of II for which the pressure 
on the tail plane vanishes. 

If the engines arc stopped and the machine glides 
steadily under gravity, as it should do with the rudder 
neutral, then (according to our assumptions) the only 
forces which maintain equilibrium are R and IF, and it 
follows that R must pass tln-ougli If the engines 

are re-started and exert a thrust i/, the rudder cannot still 
remain neutral unless the thrust II also passes through G. 

Unless, therefore, an aeroplane is provided with sub- 
stantial fore and aft planes capable of sustaining a 
considerable pressure, it is important that the propeller 
thrust shoulcfpai^s as nearly through the centre of gravity 
as is® possible under practical conditions. Otherwise the 
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macliiiic must-, he regarded ius a doiiMy-liftiiig one for all 
practical purpost^s. It ii^ very important that in ease of a 
stoppage of the engines the machine should glide “ oir art 
even keel ’’without the rudder being subjected to excessive 
strains. , • 

A. second, cause of pressure on the rudder plane is tlio 
shifting of the centre of pressure when tlu^ angle of attack 
varies, the main plane being no longer assumed to he 
“narrow,” according to our signification. In this i^ase the 
rudder, if neutral, remains so, as long as th(‘ dnijlc o/ 
attack remains constant. To secure this, when it is 
required to rise or descicnd at an angh*. 6 the propeller 
thrust must be increased or decreased so as to tilt- the 
machine up or down through the same angle 6. The 
angle of attack being constant, steering in a vm’tical 
plane will have to be effected exclusively by va,rying the 
propeller thrust, and not by turning the riulder plane 
relative to the machine. 

If, on the other hand, the anghi of attack is decreasiMl, 
the centre of pressure will move forward and the air will 
have to exert an upward thrust on the rudder plane if it 
is fixed posteriorly. When the angle of attack is increased, 
the centre of pressure in general will move batikwards and 
the opposite will be the case. 

Double-Lifting Systems. 

38. In the general case of a double-lifting aeroplane, 
where neither the front nor the rear planes arc neutral, 
there are four foriics in equilibrium when the machine is 
moving uniformly. These are the weight W at (r, the 
propeller thrust H and the resultant thrusts and on 
the two surfaces Si and S.y at their centres of pressure A 
and B. As before we shall suppose ia the first instance 
that H passes through the jjpint G. Let the normals to 
the surfaces at their centres of pressure meet in M, 
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SO that for narrow jilancs M is r^igai’detl as^a fixed point 
(Fig. 14). For equilibrium the lesultaiil of ami 
Vdii^h acts througli M, must be equal, and o})posite to the 
resultant of W and Tl acting at G. Calling this resultant 
R its line of ‘action is along GM, and the planes &*are 
equivalent to a single plane of suitable are.\, having its 
centre of pressure in the line GM and its plane perpen- 
dicular to GM. If 6) is the inelination to (rll of this 
equivalent plane, the angle between //and R is DO'^ + w. 

As before the three forces at are represented by the 
sides of the triangle DBF in Fig. i;i, the angle* at F 
being constant and equal to DO'"— w, and if // be increased, 



Fio. 13. 



it is obvious that F will be lowered relative to D, and the 
machine will be tilted upwards ; conversely, if II be 
decreased, the machine will be tilted downwards. If the 
engines arc stopped without moving the planes, the 
aeroplane will be in e(|uilibrium when GM is vertical. 

It thus appears that the inclination of the machine to 
the horizon depends entirely on the propeller thrust. In 
fact, we may say that, so far as the equilibrium is con- 
cemed, the machine behaves exactly like a (jlider, the 
resultant of propeller thrust and gravity taking the place 
of gravity alone. ^ ^ ^ 

It remains to determine the motion. Knowing R (the 
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values^of i/iyid IL boiyg- oivoii^ tlfe c(H]i|)()iioiits and 
11, arc known, Sud if af and a, arc the angles of attack, 
wc have • ‘ ^ 

sill (f|, R, - /v sin do . . . (42) 

l^ow from tlie conditions of e(juili])rinin*w(‘*ha.vc 

•A*, sin (nMA - /A sin (I MU 

Hence 

7v\*S, sin sin RMA — K.^S., sin a, sin (I Mil . . (4.4) 

which determiiK's the ratio sin r?, : sin a,. Also «! — «., the 
angle between tluj dir(‘ctions of the ])lanes is known, b(‘ing 
e(|nal to AMB, and a, and a., nniv bti found. Whim 
this has been done, If- may be determined from inther of 
the above c(|uations (42) or otherwise. 

:]9. If one or other of the pla,nes aV,, S., is iisial foi* steering 
purposes so that its inclination to the line J />* can be 
varied, it is neci'ssary to liave r('e,oiirs(‘ to a geomidrical 
construction in order to asia'rtain thii elfei'ts of steering on 
the position of eijuilibrium. 

Support A, G, B to he in a sfra!(//i( lintA und let J/0 
be drawl# through 4/ periiendicular to thi‘ direction of 
flight to mei;t A in O, Then a^^AMO, a,= and 

(4d) becomes 

K^S^ nin AMO A Md - six />4/Osin IlMO . (14) 

But 

sin AMO - sill 0AM ; sin AMO — ^ ^ sin 0AM 
sin RMO — OHM ; sin JIMO - ORM 

whenc(‘. (44) rialuces to 

K\SiAO.AO sin-i 0AM - K.^JiO.HO sin-' OHM . (4.0) 

agjfin if /{, are the angles wliich the ])lanes aS,, 6^ make 
with the line AB, OAJr^i)0^-h, OBM = 
giving 

^ ^ cos2 /, = HO cof . . (40) 

This determines the ratio^ AO : BO * and hence^ 0 is 
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fouiul. If arc sinaH u.h in gciiei.i^lly tli,c case, 

wo may sub.stitutc tlic approximait relation 

K,S,A().A(} ^ K\S,BO.I{a . . \ . (4( k 0 

based on the approximate assumption that c.os^ /, = 
CGs^ to = 1 . I'o ’tliis (legrcfi of approximation the position 
of O is unalt(ired by varying the inclinations of tlio planes 
toAB. 

40. If the front plane be tilted up l)y increasing then 
M will be displaced to ilf' along IhU, and thu direction 


rj M 



flight will be perpendicular to AFO instead of ifO (Pig. 15). 
The effect is to increase tlie angles of attack, which now 
become OM'A, OM'B (for, by Undid, these are greater 
than OMA^ 0MB respectively), and the direction of 
R will be changed from MG to M'G. The inclination of 
the machine to the horizon will be altered in consequence, 
and to estimate the net effect on the direction of flight 
relative to the? horizon, the figure must be combined with 
the triangle of forces at the point G, say GDE. If, then. 
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^rZ)*is luoasiuM (jonOiiniiio’ // unil^ of juk! with 

and raHiiH ll^^:nits, \v<*<lt‘S(;rilH‘ a ('inL* 

M(i Wil ill H and E\ DE and l)E' will ho rho diivoiiniif; 
of the vortioal n^lativo to tho niacliinc. 'riio r(‘siil( of 
tlio*cliaiig(* will be that the machine wilj he tilled over 
forwards througli an angle EDE', and siiu'e the diri'etion 
of the line of flight relative to the mjK'hine is alt (‘red 
hy the amount fh<‘ net ivskIi oJ' tilllmf thv 

front pidnr is to drprrss tlir (lirrrfion of tin' Jln/lif path 
fftiviiffh fin fiufflr MOM' EDK'. In other W(»rds, rnislinf 
tlir front ji/ftor <‘<(,nsrs tin' nnirhinr to drscnnl, nin! ron- 
vrrsrhj (Irprrssitnj t hr front plain' (‘anst's it to rise. 

If the machine was originally flying horizontally, ()M 
will he jiarallel to DK, and if with (*(‘ntre () and radius 
OM we draw a (unde cutting OM' in N, the triangles 
LtOM, (rONy will he similar to (rI>E\ so that ON 

will be parallel to 1)E', In this (!ase tin' amjlr N()M' 
rrpreHrnts thr inclination to the lioriion fit which tin' 
machine Ix'i/ins to descend. 

41. ‘The effect of tilting up the rear plane thi'ough an 
angle MBM' is to alter the re/^<7/6VMli reel ion of tlui flight 
path through MOM' (Fig. IG). The angles of attack 
are altered from OMA, OMIf to OM'A and OM'B 
respectively. It is (jbvious that (jyi'A<OMA, so that 
the angle of attack on is decreased. That OM'B< 
0MB IS, pretty evident from Figure 16. A formal demon- 
stration, how'ever, {consists in observing that if OMB, 
OM' B were equal, the points ilf, i/', 0, B would lie on a 
circle, so that we should have MM'B — MOB\ but in 
the cases which occur in practice MM'B is small, being 
the^ angle between the front and rear planes, whereas 
MOB is usually somewhere npar a right angle, and, at 
any rate, not a small angle. 

The direction of R relative to the machine will be 
turned through an angle MG^, and the^ direction of the 
vertical through EDE' where GDEy GDE' are the* two 
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positions of the force-trianglc at Q. 'Phe yet change in 
the direction of the flight-path relative t/o tlie horizon is 
represented by the difference of angle of MOM' —FDE'. 

If the machine was originally flying horizontally, and 
we draw a eii(*>le.ecntrc 0 and radius OM cutting GM' in 



N we see that angle MON=EDE' and the net result of 
tilting up the rear plane is to cause the machine to rise 
at an angle NOM'. Thus elevating the rear plane 
caiLses the machine to rise, and conversely depressing it 
causes the machim to descend. 

42. Corrections. — The above investigation will probably 
be sufficiently accurate for most practical purposes. It 
remains, however, to be shown that where the underlying 
hypotheses are only approximately valid, more accurate 
results might be olitained by introducing modifications in 
the construction. 

If cos^ ii and cos‘^ are not taken to he unity, the 
point 0 will no longer be fixed when the values of and 
12 are varied. 

If be increased the ratio AO : BO will be increased, 
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and O will a^)proach .Ijnoviniij to fi* position /)'. and O'J/' 
will cut OM inV, point !)e.low A^i. 

The pei'})cndicular to the new diolit path relative tw tNe 
machine will be M'U instead of AtO, and the depression 
of the path relative to the horizon will be. slightly rediu'cd 
by the angle OM'Q\ 

If on the other hand ii be increased AO: BO will be 
decreased and 0 will move outwards to a position O', so 
that the elevation of the line of flight due to the (*hange 
will be reduced by an amount (>M()\ In eitluu- case the 
result is slightly to lessen the steering (‘ffect du(‘ to 
turning the plane. 

Ill either case the effect could 1)c more fully studied by 
constructing the envelope of the line J/0, first witli /, 
constant and secondly with 1.2 constant, 

43. R G does not lie in the line AB^ and we wish 
to study the effect of varying the inclination of the front 
plane relative to the aeroplane, W(‘ must join A(jI 



meeting BM produced in B\ and the point 0 must be 
coifstructed on the line AGB' produced. In fact, since 
the plane is kept fixed the construction is just the 
same as if this plane were shifted parallel to itself to the 
point B'. subject always to the proviso that the imdina- 
tions of the planes to the line* (rA are snJall (Fig. 17). 

F 2 



bl AIlLb 


CHAP. 


b» 


If (f /j 1)(‘ pVodllClMV to VLMhA, OM \\\ (y, tj\0 O' 

will similarly ippv(‘s(‘iit Uic. tiiriiiif^- [xfml^of ilu‘. liiic 3AO 
\\li(si the iiK'l illation of S., is vaviial. 

44. Effect of Shifting of Centre of Pressure. — If, owing 
to a ('liange in tlic angles of jittac^k, the (arntni of ])r(‘ssar(‘ 
of one or both plain's is disjjlaeial, this \vill ('anse a further 
(change in the direetion of flight and in the inelination 
of tin' aero])lane to tin' horizon. 

In Fig. 18 if /IJ'. l^/i' rc'jiresent tin* dis[)la,(‘(‘menls 



of the ('.(‘litres of pressure, i\L\r will ri'pn'.sent the dis- 
tihiceineiit of M, and the (xuistructions of § o!) will give 
the angle EDE' through wlihdi the direetion of tin'. 
a(‘roplane is turned relative to the vertical. If the 
centres of pressure arc displa(*ed forwards, as occurs when 
the angles of attack are decreased, the figure shows 
that the aero])lanc will tilt upwards in front through the 
angle EJDE'.* 

To ascertain the effect on the direction of the flight- 
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])ritli rolativi^ the cforojilanooit is (*nsi(‘st to iiuajjjiiie 
tlio aiii;’l(‘ A’Xliy moved hju'kwards and liroun’lii int^o 
eoineidioiei' with AM Ik in whii'h ^‘ase H must ht' di^ 
[>la-ed througli a distam'u (Al' aiuii] and parallul to MAI 
(Kig. 19 ). lluru M(r' is ni'ann* to ^^l> than M( t\ aiul 
it n'adily follows (Vom the relation A ( KA(l-r lU ). IH I 
I'onstant, that is shitted to a jioint t/ on j|iu si(h‘ of 
remote ti’om Ik Tliis d(‘pr(‘sses th(‘ dii‘i‘(*tion of flight. 
“elativ(‘ to th(‘ ai'roplaiu' throiigli an angli' (K]/0\ aiul 
as t1ie neroiilane itself lias tilte<l U[)wa,rds, the in‘t (‘th'et 
is to (*hange tlie inclination of the flight -jiath downwards 





iiiiiougii a.Ji angle e<jiia.l t(» ( >M(>^ — HI)E\ tin' two eans(‘s 
to a certain extent (aninterhalancing (‘aeh oth(‘.r. If iAr' 
he small, and dA/ meets A A in t/", it may he shown, hy 
difftn'entiating the i-elation J t A J t/s- /dO. //</ = constant , 
that 


{}(>' (id" 

U).li(f .ULlUi' 


{U\h) 


and^ further, that if tlie aero[)laue was initially Hying 
horizontally the' (‘Ifei't of tlui (change is to de,jn’(‘ss or 
elevate tlie flight path according as OO' is greater or 
h'ss than <Ai". It is siainady w'orth whih*, however, to 
reproduce here the discussion, of these ^loiiits in fuller 
detail. 
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45. Prof. ‘Marcel Brillouin*s Metacent^ic? .CurveoY — A 

more complete theory of the effects due to displacement 
of tlie centre of pre.^sure has been formulated by Prof. 
Marcel Rrillouin.^ So long as these displacements ^‘^^re 
neglected, the point A/, which is the intersection of the 
normals to the two planes, may l)c regarded as the 
metacentre of the machine, being the point through 
which the resultant thrust, R, always passes. If the 
planes are l)road, and if the line of action of the resultant 
thrust is constructed for different direc^tions of the relative 
wind velocity, through the whole range of 360°, these lines 
of action when marked relative to the planes will envelop 
a curve, called the metacentric curve. It will be noticed 
that this curve is not the locus of the various correspond- 
ing positions of Af ; for the direction of the resultant R 
depends on the areas Si, S., of the planes, and is thus 

independent of the direction of the tangent to the locus 

of Af. 

M. Brillouin has determined the metacentric curves for 
certain pairs of planes, assuming Lord Rayleigh’s formula 
for the position of the centre of pressure ; and similar 
methods are obviously applicable, based on Joessel’s or 
any other alternative law. The metacentric curves arc 
in general more or less star-shaped, having eight cusps, 
four of which correspond to grazing incidence on one 
or other of the two planes, and the intersection of the 

normals to the two planes at their geometrical centres 

is a centre of symmetry of the curve. The existence 
of four other cusps is most easily shown in the case 
of two equal plane areas. 

If th(‘. metacentric curve be constructed, and if <the 
propeller-thrust passes through the centre of gravity (r, 
the positions of e(j[uilibrium are obtained by drawing 
tangents to flie curve through (r, and then determining 
the direction of t’he vertical'by the force-triangle GDE. 


‘ Kew (fe Mecaniqiie, 1909, 
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4(). Case ivhere the; propeller-tlirust does not pass 
through the centre of gravity. — ]n Fig. 20 the three 
forces 11, W and R will pass through a point Z, whieh 5s 
the intersection of the vertical through (t with the line of 
action of IL Draw (tL parallel to the line of action of //, 
and let it meet the line of action of R in L. Tlum ZUIj 
is a. triangle of forces for the three forces at Z, and we 
have therefore 

// W _ R 

~(iL Z(} “ LZ' 

Suppose that W and //are kept constant. 



If the direction of H is nearly horizontal, so that HZ 
is nearly jierpendicular to ZII, then for small angular dis- 
[ilacements the length H/j is stationary, and L may be 
regarded as a fixed point through which R always passes, 
riie })oint L thus takes the place of Q in the previous 
investigations. If the position of M undergoes a small 
lisplacement to M' owing to a changi; in the inclination of 
:me or other of the planes, the new resultant R' will act 
dong LM', cutting ZII in Z', and the new direction of 
the vertical will be iiZ', 
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If Z//l)C^aiot nearly horizon taL, the relation GL : GZ — 

^ i' ** * • 

H : IF shows that ZL is a ttangoii'b to a cuiiic whose focus 
i4 G, aucl directrix is Zll, and the eccentricity (e) of which 
is equal to tln^ ratio il : \V} The point of contact P is 
obtained liy 'nniking ZGP a right angle, and this is the 
point al)out which the line of action of P tyrns in the 
case of a small displacement. 

II(‘nce, (/imt the position of the mefacentre M and the 
maijnifude of H, the position of eiiuihhrimn is obtained by 
drawinif a tamjent from M to the eonie ; and if this cuts 
ZH in 7 a, then GZ is the position, of the vertical. 

The direction of the flight-normal MO can be con- 
structed by the same method as before, the j)oint of 



(tontact P (or fj if 11 is horizontal) taking the place of G 
in the construc>tion for 0. 

Sincii in an aeroplane II is small compared with IF, 
the conic is an elli[)se and two tangents can be drawn 
to it from the point M, one on either side of G. If, 
however, we construct the force-triangle for the second 
tangent, we shall find that it determines a position of 
equilibrium in which the aeroplane is inverted. 

47. If the engine be stopped, then, in the new position 
of equilibrium MG will be the direction of the resultant 


‘ The intercept of h t{Ui»;eiit t«) ;i conic on the hitiiH rectum is v times the 
distance from the focus of the point at which the tangent meets the directrix. 
This easily ff)llo\v>j from the normal property SQ — eSP, and the property 
that PSZ is a right anj^le, the letter /H being substituted for (t above and (/ 
now being the foot of the normal. 
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R, and will ho. vertical. .If G ixahdre th<- Im> 0 / action 
of H (iii.stcad oP being i)elow, as in Fig. 21), the effects 
of the change will b(i illustrated by Fig. 22. Oiuf 
effiad will be to change the relative direction of the 
vertical fioni GZ to GZ' (in MG produced) thus causinc’ 
the aeroplanj?, to dip downwards in front through an angle 
ZGZ'. But as H moves forward from MZ to MZ', the 
flight normal will also move forward from MO to a new 
imsitioii MO', so that the aaigles of attack of both planes 
will be decreased by an amount (tMO. The net result 
will be to (hipress the direction of the flight-path relative 



to the lioiixoii by an amount ZGZ'-OMtf. If in.stead 
of stopj)ing tlie engine the propeller-thrust II be reduced, 
the eccentricity of the conic to which MZ is a tangent 
will be reduced in the same proportion and in Fig. 22 MZ 
will therefore be displaced towards MGZ', so that the 
resulting changes in the position of ecpiilibrium will be of 
thc^samc kind as before, but less in amount. For an 
increase in the propeller-thrust the cfhscts will be reversed, 
and till! aerophuie will begin to rise. 

, If it were possible to make the angles ZGZ' and 
OMd equal, the direction of the flight-path would be 
unaffected by stopping the engines, and under closely 
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analogous icircumsfcahces the direction of ihe fligjit-path 
might be made independent \)f the ^ propeller-thrust. 
‘This firrangement would be advantageous, but it is not 
in general practicable, as Brillouin has shown in the 
paper above referred to. If, as is usually the case, the 
angles of attack are small, MG will be large compared 
with the dimensions of the aeroplane, and it follows that the 
angle ZUZ' is large compared with ZMZ' unless GZ', and 
therefore the distance of the propeller-axis below (/, arc 
also large compared with the other dimensions of the 
aeroplane, a condition impracticable for other fairly 
obvious reasons. The only possible alternative would 
be to make OM(y large compared with ZM/J. Even 
if this were mathematically possible (which appears not 
to be the (axse), it would have the result that a very 
small displacement of the centre of gravity would produce 
a very large change in the direction of the flight-path, 
a condition possessing obvious grave objections. 

The reader will have no difficulty in drawing the 
corresponding figure, with the aid of Figs. 20 and 21, 
for the case where the propeller -axis is below *thc centre 
of gravity. In this case, when the engine is stopped, or 
the propeller-thrust is reduced, the angular displacements 
of the lines GZ and MO will be in opposite senses so 
that if GZ' and MO' denote their new positions the 
direction of the flight-path will be depressed through an 
angle ZGZ' ’\-OMO'. At the same time the angles of 
attack on both planes will be increased by OMO', so that 
the descent will be less violent than it would otherwise 
be. Conversely, if the propeller-thrust be increased, the 
direction of the flight-path will be correspondingly 
elevated. , 



CHAPTER V 

LONGITUDINAL STABILITY OK .SINGLK-LIKTINO SYSTEMS 

The Simplest Case. 

Single Lifting Plane Propelled Horizontally by a Central 
Thrust— Lanchester’s Condition. 

48. lu order to avoid algcl)i’ai('- compli(jatioii8 at the 
outset, we first consider a system specified as follows : — 
Two surfaces (either of which may l)e replaced by a 
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pair of superposed surfaces), Si, S.,, of which the front 
surface supports the whole weight of tlie aeroplane, 
being inclined to the line of flight at an angle of attack a, 
while the rear surface S .2 acts as a tail or rudder or 
auxiliary plane, being placed in a neutral direction so 
that a .2 = 0. Distance between centres of pressure = L 
Xlie line of action of the propeller- thrust passes through 
the centre of gravity (and this fact will in the future be 
represented by the statement that the thrust is vcidrtd), the 
direction of the thrust being along the line of flight, 
which in this section is taken#to be hori^fonfal. In these 
circumstances the resultant thrust of the air on Si also 
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passes tlirwiigli the centre of gravity ; thus the centre of 
gravity either coincides with th6 c(‘ntre of pressure or is 
on tlie nornnil to>S', through the centre of pressure. In the 
former (;ase we Iiave for 8, botli and = .r = 0 and 
IJ~0\ in tlie latter f' = 0 exactly and = 0 ap})roxi- 
mately, while for S, we have |' = f"= —1. 

The conditions of cquilihrium give : 

f[ - sin '^a 

ir — /CS\ sill a cos a 

0 =- A>', t/>^' sill rt, or = 0 HS Jibove . . (47) 

The nine derivative's are 

A',^ — 2A'S, t/sin^ a, sin a cos n, X,. - 0 

y„ - 2A^SV7 sin a cos ri, Y„ = A'AV^cos‘^« + KS,U, F, - KS.^UI 
Nn = 0, = KS,Ul, “ N, = KS.jh (48) 

We obtain 

%, = CJIV'^ (40(r) 

+ »ii|2 «) + &1 + ]V^Kti.J.‘ . . . (4%) 

sin '-" + sin'- <i) — KS./ 

(49,-) 

2 W 

. (4<W) 

(s, 2ir ,,,,, ,, . 

,,q7i = sin a cos a (49f'P 

It will be Jiotieed that the conditions T)„ and positive 
leejiiire I to be positive*, that is, the auxiliaru pJatio mmt 
he placed hehuul the mam planc^ a.s a tail, not in front. 

In virtue of the condition of eepiilibriuin we have also 
(S-„ 2A'‘ 

“4(/i == « 

2K^ 

- — - AY“Ay sin- « (1 “ sin'-^ a) . . (45)f'jj) 

When expressed in this form we see that 

contain the facitor siif-^a, while the three j)revious 
('()effici(‘nts remain finite in the limit when a-0. In the 
biipiadratic bir \U, the last^two coefficients are therefore 
small in comparison with the first three, and approximate 
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metliftd.s of .s^tlutioii may bo In pa^tbailal’ wc 

iiotii^e* tliiif \\\ tlvV (;xpn‘.^sioii lli,. 

first two terms contain sin- a as a fac'toi*, while own-* 

tains silica; tlu‘ latter may tlnireforfi be neolei'.tiMl in a 
first ‘approximation and the condition of sta»bility then 
reduces on division by to 

. . ( 50 ) 

Now negl(;(;tin«; sin- a we have 

-y); - /v/r:os', + + in-s> . . . {:^\h) 

ft' 


and using tlie first form of wc obtain from (aO) 

the a])proxiniate j>ri)nitivr coat lit ioit of s/((hi/i/i/ 


j + 


JOS + s,y^ + >•> . (r)L>) 


^Making use, liovvever, of the ecpiations of e(piilibriiim 
(47) we Jiave 

tn-S.j = sin a Cits a 

= tan a (I - sin -«) 

— /v>?j*sy- IP tan a 


to a first approximation. Hence th(‘. terms umbn'lined 
cancel to this order of approximation, leaving 

tan rt - (Si -f- X ,)0 > 0 . . . ( 5 ;p 


whence if C= Wk"^, so that k is the radius of gyration 
about the axis of 2 ;, 


u;^- *s'^_+ >% A- 

</ ^ (S^ I tan a 


( 54 ) 


This is the condition of stability obtained by Lanchester 
J)y an entirely independent method. As use has been 
made of the conditions of ecpfdibrium in cancelling the 
parts underlined in (52) we ought to regard it as a 
modified form (to this extent) of tlie conditions of 
stability. 
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Anotlici; modified coudilkm of sfahilitfi be (^btained 
by expressing IP in terms of IF iby means of the coiidition 
' of equilibrium, again neglecting the difference between 
tana and sin a coso.‘ We thus obtain 


i Kk^ 

ti ^ W ~ fi.. 


(bid) 


This form is probably better than the previous one, as it 
only involves quantities depending on the weight and 
measurements of the aeroplane, in [iddition to the co- 
efficient of resistance K. If the propeller-thrust, v(Jocity 
of propulsion U and angle of attack a arc vaib'.d in a way 
consistent with the conditions of c(piilibrium the stability 
determined by (54<it) is independent of their variations. 

49. If it is desired to proceed to a higher degree of 
approximation in which cos a is not taken to be equal to 
unity, the best plan is to write, as in § 34, S\ = Si cos‘^ a 
and /i = tana in the eciuations of ccpiilibrium and the 
coefficients, and wo thus obtain. 


n = W = K&JPyi . . 



+ 8^) + 

^ = WKR,\KS,P + Jl + 2K!f,g:‘ + 

2W 






f/ 

2W 


2K\, 




+ , /.) - .S'.« - 


(55) 

(56<t) 

(56/>) 

(Sfir) 

(56ti) 

(5Ge) 

(57) 


\V8,l 


- Kk%coi\,{8iCim'^a + 8.^ + 2K8i&m^a\SS‘^ -f hr) - coa M ^ 


2 


8^S.^H ain^ g 


Y „ _ 

ij SS‘^ + k^) V~8iJc\l -h ain '^a) 


(57a) 


and the condition for stability requires that this expres- 
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sioii shall 1)(? positive. , Patting cos a = I , siiiia - 0, tlii« 
reduces to the eoinlitioii previously obtained. 

The foregoing expr(?ssions give the ex<ict conditions ‘of* 
stability whether the angle a be largb or small, provided 
that the resistance follows the sine law, and that the^ 
shift of the centre of pressure is negligible when the angle 
of attack is varied. In view, however, of these assump- 
tions not being exactly fulfilled in actual practice it is 
probably better to be satisfied with the approximate' 
solutions obtained by neglecting sin- a, leading to 


W 

KS. cos- a 


or U“ tun a 


l“(f cos- fi + S., 
t S, 


or the (iven simpler forms (54), (54a) obtained by substi- 
tuting unity for cos'^a in these. In the /a notation, the 
above conditions may be written 


J/v> T 


(■-«) 


and these we shall regard as the standard forms of the. 
( oiiditiofl of stability as it will appear later on in our work, 
that the g notation” considerably simplifies the 

algebra. 


Separation of the long and short oscillations. 

50. In the bi(]uadratic equation for the last two 
coefficients (49c/, Co) contain the factor sin^ a, so that if a 
is small these coefficients are small quantities of the second 
order in comparison with the others. This fact enables 
us to obtain approximate solutions of the bi(j[uadratic, and 
to separate the different oscillations of the system. 

[jct us write the biquadratic for X 

m + r = 0, 

the suffixes being dropped as ^ they were^ oflly used to 
distinguish the coefficients for symmetric and asymmetric. 
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8o LONG AND SHORT OSCILLATIONS 

OHcillatioiiSf/ and thn a.(*f*.oiits in and (?'',J)cing ii.sod t 
show tliat these are small (|mi!itit4(‘s of tl.(' sc^eojid oi'dcr. 

if X is finite, then for a first a[>[)roxiination w(^ ina 
iiogleet 2)" and and the (Mjiiiition on dividing tlirougl 
hy X- becomes 

+ 23X + (S = 0 

The roots of this equation determine osealJations whosi 
times remain finite;, how(;ver small be the angles of attack 
and we shall call these the short oscMations. If, on tin 
other hand, X is small, T)'\ may In; n(;glec,ted in com- 
parison with and 3lx‘, and in ('oniparison witJ 
(Sx‘^. Hence to the lowest order of a})])n)ximation we get 


± »■ (5») 

This solution is of the first order of small quantities, 
and the values of X being imaginary the motion is 
oscillatory. To find a closer approximation we substitute 
the value of X^ given above in ^Bx^ (still neglecting 3lx^) 
and write the ccpiation 

A + e" = 0 , . . (00) 

showing that to this order the real pa-rt of the values 
of X is equal to 

(TS “A®" 

2(£2 

The small values of X thus determine slow or lo7ig 
oscillations whose period approximates to 27r>v/((S/®") and 
modulus of decay is equal to 

W~~ 

and is positive if the approximate condition for stability is 
satisfied, namely, 65)'' — 0. 
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To ocaining oharacfcor of tlic^oscilljitioiis must oo 
l)a(‘.k to the e(|uat!ioiis of iuotion, wlue.li ;ire 


ps'.»in»„ + ";y 

If + sin ft cos It . r 

■ ;;:v 

0 (VAu) 

2Si sin a cos rt n + ( 

^ 1 •> .1 ) 
^,S,cos-„ + ,S,+ 

I'n-'V*;-;',).- 

- 0 ((Ilf/ 

V 

{- ‘V)" 




51. Short oscillations. — If we n(‘gl(‘et sin a altogetlnu’ 
the ('(jiiatioiiH 1)e(;ome 



A 

— ff - r 

= 0 . 

. ((>2if) 

/ >rx\ 

{ ... 





0 

. ((;2f) 

- iSVr 


- u . 



Tlie 


and thes(i are applicable to tlui short oscillations 
equation for \ is in tliis ease obtained by eliminating 
V and r from the last two e([uations, and this giv(‘s 


ir^x2 


It'X 


w 




- 0 


((ili) 


This equation is identical with the expiation + 
(^ = 0 if we take the values of y , given 
in §48, and it is thus seen that the niotions h(U*e considered 
ai'o really the short oscillations of the systmn. 

The ratio v : r is given by eitlun- of tliese equations, say 
the S(#cond, whicJi gives 


or, if pi’efcrred, 


V irx’^x 

r ^ KUijHd 

v~lr^ fri:-X 

r KlUfS,}, 


((> 4 ) 


where v - Ir is obviously tlie velocity of the tail i)laue 
perpendicular to the axis of x, 'Hiis e(|uation is of course 
merely the equation of moments, being equivalent to 


= KU8.Jiv - lr)l , 

The velocity u is found in terms of r from the eijuation • 
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r=i{), winch is , derived from e(|ua|ioii of 

motion ‘ ^ 

^ ^ 7 ' '■ • • • 

the assumption Ijeing in this case tliat «/(c c/^;'c^s■ offhe air 
presmres on </ic planes may he neylected in eomiderimj 
the motion along the line of Jlight. 

Since, liowcver, u does not ent(‘r into tlie two equations 
from whieli tlie (|uadratic for A, is found, it follows that the 
short oscillations are indepemhmt of the variations of 
velocity in the line of flight and are determined eniirehj 
by the normal and rotatum.al motions, v a}id r. 

In the next place we observe that \only enters into the 
equation {iV^) in the form \/U, and that the values of x/U 
given by this equation are independent of the velocity U, 
The rates of oscillation are thus proportional to the 
velocity U. If, instead of taking the time as independent 
variable, we take the distance Hown, .s*, wln^Te s^ Ut, we 
see that the actmd path described by the machine when 
oscillating is independent of\], the velocity of flight,'^ 
so that if the velocity of flight is changed the machine 
will still perform th(‘ same number of oscillations, and 
these oscillations will subside to the sanui fraction of their 
initial amjditude when the macliim*. travels ov(‘r the sann^ 
distance. 

The condition of stability requires that in the ejpiation 
for \ or xjll, all the coefficients shall be positive and 
therefore 

m + .^ 2 ) + >0 .... ((>6r0 

w 

0 .... {m>) 

The first expression is essentially positive. The second 
will be positive if I is jiositive, or if I is negative and 
numerically greater than WjKS^g. 

In the former case the auxiliary plane is behind the 


^ Assuming, of course, that u is neglected. 
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main planes.^ The conjespondino- condition ii^ the (*as(‘ of 
a doubly lifting iiiachine is that the front plane must hare 
a larger angle of attach than the rear one^ as will 1)Ti 
shown later. * 

The negative solution is interesting in connection with 
aeroplanes having the rudder planes in front [e.g. the 
Wright machine). The conclusion is that by placing the 
7 'udder either behind or sufficiently far forward in 
front of the main planes it is possible to secure stability 
so far as the short oscillations are concerned. 

The motion will be either really oscillatory or subsiding 
in character, according to whether the values of xj U [\\v 






V. 





Line of steady flight . 


Fkj. 24. 

complex or real ; the conditions ))eing negative 

or positive, respectively, that is 

W + •''a) + < '«• > " 

This (jondition may be transformed into 

{k%Si - S,) - ^ 

and it will thus be seen that if I is negative, or if I is 
positive and less than a certain limit, the disturl^ance is 
subsiding in (jharacter instead of being periodic. 

Taking now, as an example, the case where \ is real and 
negative so that I is positive, equation (64) shows that 
v--lr and r are of opposite signs, and hence the angular 
displacement of the aeroplane is in the opposite direction 
to the displacement of the tailjplane. The mpotion of the 
tail plane is represented diagrammatically in Fig. 24 fo^* 

G 2 
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two (lifferei)); displacements, one above at\d tlie ocher 
l)elow tlie line of fli^lit.* Other /‘ases iiAy be similarly 
(Ks(JUSS(h1. 


Long Oscillations. 

' 52. For tfie second solution of the biquadratic, the 
values of X are to the lowest sufficient order of 
approximation 


X = ± ? 


/I 

v/ (5 




((J8) 


the imaginary part being of the first order in a and tlie 
I'cal part, determining the modulus of decay, being of the 
second order. To obtain a general idea of the cliaracter 
of the oscillations we shall neglect the latter part, and we 
thus assume tlie oscillations to Ix^ [)criodic. 

Writing for cos^a and /i for tan a, equations (61) 
give 

2S\fx n + i' + SJ, + r = 0 , . (09 1 ?) 


Witli fji small, the only way of olitaining a solution 
difiering (issentially from that obtained for the short 
oscillations is by assuming that u is large (ximjiared with 
V and r so that u sin a or u fx is comparable with v and r. 
Moreover, in view of the fact that the terms containing X 
in the second and third equations (61) were previously 
comparable with the others, it follows tliat for the long 
oscillations these terms may be neglectei.l for a first 
approximation. 

If we neglect X in the third equation we obtain 

~ v + Ir = 0 (70) 

or the normal velocity of the tail is zero. More generally 
the equation, which may be written 
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shows that ^hc >iormal velocity oY the tail is in every case 
small. • 

Again we may eliminate S'j ami y% from tlio three 
eeiuations by multiplying the first by — l//s the second 
by 1, and the third by I /I and adding, and we got on 
removing superfluous factors 


\u 


-f X?; + 


+ U-h 


k-^x\ 


(71) 


and this, since it does not involve and So, must l)t 
independent of the resistances and must re})resent the 
equation of moments about the metaceyitre. Obseiwing 
that u is assumed large compared with v, the terms of 
lowest order are those underlined, leading to 

(7m) 


,On the other hand, if we neglect \ in the second 
and third e(|uation8, we have, on eliminating So, 

2.S>« + AV + -jy- = 0 .... (72) 

or substituting v = lr agaiii, we obtain 
/ fV\ 

21S\tiu + {S\l + • ■ . . (7:b 


Prom (73) and {7\a ) : 



2fif/ 

IV 

ijK.S\ 


( 74 ) 


which agrees with the first ap})roximation for the long 
oscillations given by 

. _ 

taking the values of the coefficients in § 49, and neglecting 
terms containing /a“ in the value of (So- 

53. To trace the undulating path deserjbed l)y the 
centre of gravity, we suppofil3 that the* co-ordinates of 
this point at a time t are Ut and tj, the axis of x 
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coinciding with the direction of' steadyi nlqtion. '.Tlieii 
if ^ be the angular co-ordinate ^ " 

M ^ = (Z7 + u)cm6 — r Hill B . . . (T^xf) 

• = -f It to a first approximation 

(fn 

= ( IT p h) sin 0 P i; cos 6 ^ 

~ US + »’ to a first approximation . (7 oh) 

and .since f, B all vary a.s 

n ' 

= u or 5 = 

X»^ = l/B p y ~ Uj^ P V or 7 — P ^ 

A.s.suniing tlie approximate expre.ssion.s ?* = v = /r, 
we have finally 

, = |({7X + IV) 
or writing X = \'i where i = V — 1 , 

, = I (ta'i - i\"‘) 

where x' is real. ' 

Put f = /l(co.sx7.-i-isinX'<) and ecpiate the i*eal parts, 
then we get the solution 

^ ~ A cos \'t 1 

7 = — — \UX' sin X7, p cos X7} j ' 

If we write x-^+Ut, y = Vy then x, y will be the 
co-ordinates of the centre of gravity referred to a fixed 
origin, so that the eejuations of the actual path will be 
given by 

X — Ut + A cos Xt 
!/ — — ~ * 1 UX sin XI P IX^ cos X7( 

and to trace the path it is only necessary to add the 
ordinates of the two curves determined, one by the 
equations * 

* ^ AU 

I X Ut A cos X7 y = — • • (78) 
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find others the eqi|ations * 1 

• c Aiy- 

.*• Uf + A cos X / If — - ~ X7- . , (71)) 

of wliicli the first represents waves hliving the (jn'sts nior(‘. 
pointed tliaii the troughs (upper eurv(‘, Fig» 2G), whih^ 
the second represents waves the descending parts of wliieh 
are ste(;per than tlie ascending ones (lower curve). The. 
actual path, which is a combination of the two, should he 
familiar to anyone who has thrown paper gliders. 

In regard to tin; assumption r-X^aUj, in coniie(;tion 
with the fact that we have rtitairied terms containing in 
the expression for 17, it should be noticed that the t(U'ms 


XV = f; I<7r r -J^TT 2TT 



Flo. 25. 


neglected in ( 71 «) would only affect the final result by 
([uan titles of a higher order fban the second. 

The. jHith of the cadre of pressure of the tad plane is 
very appi-oximately th(‘. first curve of Fig. 25 , the ecpiation 
of motion being 

Xfj = -l- (#’ — /?■) 

where v — lr is a negligible ipiantity. 

Effect of inclination of propeller axis. 

54. If the axis of the propeller is not along the direction 
of motion, the primitive conditions of stability wUl, 
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of cotirse, lie unclianged, but as the conditions of^ equi- 
librium now give * / " 


■ IV + II Hill T) = KS\lPfi .... (80) 

tliG terms j)rcviously cancelled in modifying the conditions 
of staliility will no longer cam-, el. The approximate con- 
dition of stabilit}^ corresponding to (54) / 


IP 


I r 


n Hint] j ] . 

jpr ^ f ^ 


(81) 


while corresponding to (54a) we shall have 


l KS\ (‘S”, + , if sin 7/ ) 

</ ^ IF -f //sini/l ~ W ^7 


(Sin) 


Ac(tording to (81a), if r) is positive so that ilte propdler 
thrust tends to depress the machine,, stability is hiereased, 
aud the reverse is the ease if the propeller thrust tends to 
elevate the mach/ine. 


Effect of inclination of the flight path. 

55. That the stability, both symmetric and asymsnetric, 
of an aeroplane depends very largely on the angle which 
the dire(*.tion of flight makes with the horizon was first 
pointed out to me by Mr. E. H. Harper, to whom the 
following investigations are largely due. In this se(*,tion 
and the next we assume the propeller thrust to be (central 
and acting along the direction of motion, so that the tail 
plane is neutral and the shift of the centre of pressure 
is neglected. 

The first three coeflicients of the biquadratic arc as given 
in (49a — c), but we have 

35 2 IF fF- 

irUP "" 7 " Hiii^ a + KS.J, sin 6 . . (S2d) 

(£„ 21V ^ ‘ ' 

In virtue of the ecpiation of equilibrium 

bf c<7s B = JlaS, U'^ sin a cos a 


( 83 ) 
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thesoVediicc to, 

f/V'^ ~ ~if « + ‘'»i“ “ 

^ . . - . • 

= sill ti cos (I (2 Uii (1 4- t;iM . (H4(f) 

(So , 

(^ -- «) .... (H4c)* 

r 

Hence J),, vfnushcs when the machine is ascending at 
an a)njle (jiven hy tan ^=—2 tan a. In this case tlio 
(liscriiniuant bccom(\s e([ual to — and is nooativo, 
so that the flight is distinctly unstable. The limit for the 
angle of elevation of the flight path at vvhic.h stability 
ceases is thus less than the value given by tan ^ = - 2 tan a, 
showing that, even other things l)eing the saim*, a inachine 
rapidly loses its stability when it beyins to rise in the 
air. 

It should be noticed that vanishes when a = flO°, 
but this condition is not Jik<dy to occur in practice. 

On tlie oth(U’ hand, a positive valiui of B is favourabli? 
for stability, so that if an aeroplane is symw^etrieally 
stable when fl.yinij horizontally it will be more stable, when 
descendinf/. 

An important cons(Mpi(‘nce is that it is not safe to draw 
inferences regarding the stability if motor-driren 
machines from experiments with gliders. 

56. For purposes of approximation and simplification 
we shall suppose 0 and a both small so that cos {O-a) may 
be taken to lx? e(jual to unity ; in such cases the value of 

alone is affected by tlie inclination of the flight path. 
Corresponding to the approximate condition (52) we 
now have 

(W 'i 

4- K^S\l jR, UH{tm a + i tan $) [(S\ + Ri)(J + Wi%\ > 0 (85) 

Making use of tlui (jonditions of e(|uilibrium, we may 
writ(i the modified condition in the form corres[)onding 
to (53) 

¥1 “ 

(j ^ a 4- i tan $) 


( 86 ). 
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this being the modification required to adapt Landloper’s 
condition to flight at an inclinatiori 0 to the luirizon. For 
tlie particular case where the machine is descending as 
a glider, so that 6 — a\ this condition gives 


in ^ 2 

il 3 S.J, tan a 


(« 7 ) 


so that the mininiuni velocity-height {U“l2f/) r(^(juired for 
stal)ility is less than two-thirds that required by [Man- 
chester's condition. 

On the other hand, if the machine is ascending at an 
angle equal to the angle of attack, so that (9 = - a, the 
condition beconu's 


if S.J, tan a 


( 88 ) 


requiring a value of IP/g, more than double that required 
for stability in horizontal flight. 

From the fact that 5t«, 'Bo, Ko ‘‘^re independent of (9, and 
®o only contains 6 in the form cos (^-a), which is nearly 
(5(}ual to unity, it follows that to our nmmird drgrre of 
ftpproxinKttion, the short oscillatious are uu^epeudeoit 
of the hwliuation, of the flight path, as is also the period 
of the lorag oscillatio}is ; ou the coutrarg, the modulus of 
decay of the latter depends grejttlij on the bivlioiation. 


Effect (ri) of head resistances and {h) of 
variable propeller thrust. 

111 what follows we shall omit the suliixes in i 8 „ (Jo jD„ the 
context showing that we are dealing with longitudinal stability. 

57. Under this heading we include all resistances 
not covered by the previous investigation, namely the 
resistaiic.c8 encountered by the body of the machine and 
engine and the aeronaut, also tangential forces due to skin 
friction and so forth. 

i The most general supposition consistent with the 
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assuni^ition tlrtitithe proj^sure of tjic air on a nfoving body 
varies as the sqftarc of tlic relative velocity, consists in 
admitting that the erlectof these resistances is re])resented 
by additional t(n’ins in proportional to i/-, and 

in the nine (coefficients X,^ . . .AT,, proportional to U. We 
will for the, present use accented letters X'^ • . . N\. to 
rci)rcsent these addicd terms, which, moreover, must 
satisfy the relations X\^^2XolU, Y\, = 2Y'JUy and 
^\=2N'JU. 

Now in the first place if be diffenmt from zero, this 
represents an additional lift due to tlic air resistamces, 
not accounted for by the action of the aeroplanes tlnun- 
selves ; similarly, represents a (couple due to this (cause. 
It will, 1 think, be generally admitted that these ([uanti- 
ties may be assumed to vanish in an ordinary nuKchine, 
leaving only the resistance to be taken into a(ccount. 
At the same time, the following method shows that in 
normid circumstances they would have little effect on the 

first place, it is easy to show {cf, Lanchester, 
vol. I., cAap. vii. § 164) that for an aeroplane of given 
weight the propeller thrust is a mininium when the head 
resistance is e([ual to the diift, while the liorse-])Ower is a 
minimum when the Incad resistance is one-third of the 
drift. In either case, the head reniaUmee YJ ^ is comparable 
with the drift KSAJ- sin- a, and is not ianje eomparcAl 
with it. If it be necessary to consider flights performed 
at speeds largely in excess of the most economical speed, 
in which the head resistamcc is large compared with the 
drift, a fresh examination of the conditions of stability 
will be required. Excejit, however, at these excessive 
speeds, the head resistance X\* will not be large compared 
with a, and the part will not be large 

(compared with the portion siir a) of due to 

the planes. In fact X\, will 4 jc a small quantity of order 

(at least). • 


stability. 
In the 
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Of the rchaaining coefficients of die group ^ 

those which do not vanish will^not in ^general be large 
compared with and, therefore,^ they will also be at 
least of order a^. 

' Bearing this fact in mind, and neglecting quantities of 
higher order where these are added to quantifies of lower 
order, we obtain the approximate results, 

%= me (89rt) 

^ ^ KW<.{,% + .yo + WPS^ ( 89 /.)' 

ill (51.) (89.) 

2 ) IV \ 

2 IV 

+ y K%S.J. .siii2 a + KS.J, sin (9 ... . (SOrf) 

^ K'^yiSi sin a cos a cos S + sin^ a + ^ sin <9 (89.) 

the terms involving the other coefficients X '^^ ... 1'^ . N'y 
lieinof of hiffher order than those riitained and thereforii 
negligible. It is thus seen that tlic coefficient alone 
enters into the lowest approximations, and tluis has an 
important effect on the stability. 

Now let the ratio of the head resistaiKic X\, to the 
drift KSJ.Pmi^al be denoted by v, then wo sliall have 
= V. 2KSi U sin- a, and by making use of the condition 
of eipiilibrium (83) the expression for I) simplifies down to 

sin a cos a (2(1 + v) Uin a + tan 0 + — ■ f cos M (90) 
g “ V o j 

while <§, is to the lowest approximation given by 
g 2W 

(as in horizontal flight). 

It will thus he seen thatV/te main effect of head resint- 
ance w to increase the. eoefficient 'D, thus increasing the 

* Any struoture*’which gives rise to resist.ance.s not satisfying this condition 
would practically be of the nature of a “ plane ” and should be included 
among these. 
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— 0 • 

by hi^readng the modulus of decay i]f the long 
oscilldtion. *^niiFi vosult, i(*li is f)est ohtaincd in tlu* first 
instance by algo))ra as is done above, is entirely in a(*coi-d-» 
ance witli what we should expect* from g(*ner;d con- 
siderations regarding the nature of the long and short 
oscillations as discussed in 50 — 53. 

Head resistance thus enables the machine to rise at a 
steeper angle to the liorizon than would be possible if 
such resistance did not exist. For example, the i'di^(ds of 
head resistance and inclination of flight path will camad 
oiKi another if 

^IvUt 

tiUi a -H tail B + cos B it . , . (01) 

or putting cos ^= 1 , 

= - au(tan.. + -^ 5 ) 

If the machine is ascending at an angle ^ given by this 
forniwila, it will be as stable as it would when moving 
horizontally in the absence of head resistance, and 
geiKirallJ^ the incj'cascd stability due to head resistam’c 
enables thf tangent of the inclination of the flight path 
to be increased by the amount approximately giv(‘n above. 

(b) In all the previous work the prop(dler thrust has 
been assumed constant, but if either the horse-power or 
the rate of revolution of the propeller is maintaiiicd 
constant the thrust will decrease when the velocity 
increases. In either caso the effect of these variations 
can be represented by the addition of a positive term to 
and will be precisely similar to that of head resistance. 
It will be expressible in the form of an increase in the 
value of V defined above, and will increase the elevation of 
the flight path for given stability. 

The effect of such variations when the propeller thrust 
does not pass through the centre of gravity can be 
investigated if the necessity arises, but the formuluB will 
necessarily become somewhat complicated. 
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58. Mr. fE. H. Harper has expressed condi|^n of 
symmetric stability in terms of the force< 9 , taking account 
of inclination of the flight path and also of head resistance. 
This condition may, of course, be easily modified to take 
account of variable propeller thrust, thougli in the follow- 
ing formula the thrust P is assumed constant : 

Let 

= head resistance 

sin'^ a = component of drift 
P —■ propeller thrust 

then by the conditions of ecpiilibrium we liave 

JV sin B ^ Il„ + El - P . . . (92) 

and Mr. Harper finds that the api)roxiniate condition of 
stability C52) — > 0 reduces to 


2K„ + ^yL"[57{„ 

(jl COS 0 \ 


+ El - P 


2A:^ Si cos'*^ a + S^ 


+ 3R, - P\>0 
<fPooH^6\ ^ I 


For the case of horizontal flight without head resistance 
Mo = 0^ Ri = P, and the condition reduces at onco to (54) 
or (54a). 



(^IIAITER V[ 

LONdlTUDINAIv STABILITY OF DO UBLK- LIFTING SYSTEMS. 
EXTENSION OF RESULTS TO SYSTEMS OTHER THAN 
NARROW PLANES MOVING AT SMALL ANIILES 

The principle of equivalent systems. 

5J). We liave liitlKTto only eonsidered eases wlierc tlie 
wen^ht of the inacliine is entirely supported by th(i front 
plane or planes, tlie I’oar ])lane nesting only as a tail, and 
being f laeed in a n(‘utral dir(‘etion. 

We shi,yi now show liow ahif rmdts proved for sfirh a 
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sysfrm can he extended to a sy stern of two sujyportinf/ 
planes placed tandem, and tliis we call a double liftimj 
system. AVc assume the planes to be so near the axis of x 
tliat the principle of independence of height holds good ; at 
the same time that principle allows the front and rear 
planes to be “ stepped/’ or placed at a somewhat different 
level, so that the results may be less modified by the 
“ wash ” which the front planes may produce on the 
back ones. 

Let aS/, S, be the areas of the front and rear planes, 

95 




Plioto.] \Tli< >SjK,rt oiol Gi III I'ot III iiKtralioiii Co. 

Fi( 5. ir.- 'J’nK L\tk M. F, Lkfkiukh \t KiihiMy. 


1’he parlier ty})(3 of Wright liiplaiio with auxiliary plarip.s only in front of the 
main ])lanps. Partial longitudinal stability dpppiident on the short ospilla- 
tions is obtainable by pla<-ing the auxiliary planus suthuiontly in ad\ain‘(* of 
the main planus {§ 51). To sucuro longitiulinal stability for the long oscilla- 
tions a.s well, the front planes must be tilteil up at u greati'r inclination than 
those at the rear ; the aerojilaiic thus becomes a “double lifting system, ' as 
discussed in § 150. 
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• ^ 

a., tVil’ aiigl^is^of attack, aTj, lie co-orJiiuAes of tlicir 
ceiitfes of ph'ssiirc. the “ S\ fi ” notation, 

S\ — COS' a, S' 2 -- ^2 COS' fi_,. /Hj a^, ^2 — "•j» 

we sec that the resistance derivatives can lie written in 
the form 

• 

XJKIP - 2*S>2 XJKU - 2vS>^ a; AT// -- v,S> A',//Cr7 - 

y,./iL77^ -= v.v'a - 2V.SV y„ Kir 2>s' r,'A/7 - s.vr 

= 2.SV NjKir - 22X>.‘ W,/A(/ - 2>s%: w, /v [7 - v.S'.r' 

These iiivolvii the six sums, 

SiSf', iVSV, S.S'V', 2/S'V, 2,S>.i-, 

the values of wliicli depend on the values of the six 
quantities, S\, S', 2 , .r„ x.. 

The six sums are, however, not independent in virtue of 
the determinantal ri'lation 


_ _ 
^ K HP " 


S/SV-i 

v,sv 

26>t 


2.S> 

2.S'' 

v.S".i- 


2,S>.r 

IW'./- 

SaS'V'^ 


- 0, 


which ha| been proved for systems with two planes in 
§2G. 

If follows, therefore, that if any two systems have fii^e of 
t\\i\ six sums e([ual, the remaining sums will be equal, and 
the conditions of e(|uilibrium and stability of the two 
systems will be identical. SucJi systems will bo described 
as 

A tandem system of two jdanes can thus be replaijed by 
an e(|ui valent system satisfying one additional arbitrary 
condition. If we assume as this condition — the 
equivalent ^system will liave its rear plane in the neutral 
position, and the connections, between the two may be 
given iji the following table : 
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Double Lifting System * 

coefficients * 

[ ^ EVj[uivt^ent 
System 

(i) 


sin*^ tt] 

+ 5 , sin^ (*2 

X, x„ 

Si sin'^ o 

(ii) 

Si sin tt] 

C 

COS ttj 

+ S2 sin 02 cos 02 

^2KU' KU 

Sy sin 0 cos a 

(Hi) S 

\Xi sin a 

1 cos Oj 

-1- S0X.2 sin 0.2 cos 02 

No iV„ .Y, 
2 KU' KU 

'S^Xi sin 0 cos o 

(iv) 


C 08 “ Oj 

+ S.2 COS^ 02 

Y„ 

KU 

81 cos'-* 0 + aSj 

(V) 

SiX 

1 cos‘^ a 

1 + S.^Xo cos- 02 

N„ Yr 

ku' KU 

S^Xi co8‘'^a +*^2^:5 

(Vi) 


008 ^ Oj 

+ S.jX^^ cos- 02 

Nr 

ku 

(S’lS^j^COS-O + S^2^ 


We have supposed foi* the sake of greater generality 
tliat the propeller thrust does not necessarily pass througli 
the centre of gravity. If it does, iV, = (), = -/ 

whei’e / is tlie distance of the tail plane l)ehind the centre 
of pressure of the main plane, and each member of (iii) 
vanishes. 

It will be noticed, by adding (i) and (iv), tYiat the 
total superficial area Si + S^ of the surfaces is tie same in 
the two equivalent systems. In the S\ /n notation the 
area is 

The principle of equivalence thus established can now 
1)6 stated as follows : 

To every double lifting system of two narrow planes 
there correspoyids an equivalent single lifting system 
having the sa 7 ne eonditiqns oj equilibHum and stability, 
and the sa^ne total superficial area of its planes. 

The conditions of stability of a double lifting system 
are usually considerably simplified by replacing it by the 
equivalent single lifting , system. Without using ‘ this 
artifice the algebra is very long and cumbersome. 

Example.— ai = 20 \ a., = 10', /Si = 2(), &= 10 units 
of area, and 'let jri— the jlistance between the centres of 
pressure, be equal to 10 units of length. Let the propeller 
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thi^iSt ))c cditfa] ; they the eqimtion of inoinonts S^ai.r^ + 
AS>,.r, = 0 givesM.ri+a?.f==0, wheiiee./*, = 2, :r,,= — 8 in the 
original .system. ^ 

For the equivalent system we have .r,^=0, -J, 

where I is the distance of the tail plane, and the remaining 
eipiations give, remembering that the angles arc small, 


.S>2 20.202 + 

10.102 

- 9000 

00 

SV« -= 20.20 + 

10.10 

- Dm) 

d ) 

% - 20 1- 

10 

- 30 

(0 

y . -= 20.2 - 

10.8 

- - 40 

(< l ) 

y2 == 20.22 ^ 

10.82 

- 720 

(0 


From [a) and (/>) we find a =18°, aS, = 27?>, hence by 
(c) No = 2f, = %fb by substitution in [d) ?=18, whicli 
agrees with the r(‘,sult obtained by dividing (c) by (^i). 

Thus, in the equivalent system, the areas of the sup- 
porting and tail planes are 275 uidts; the 

inclination of the forrmu* is 18°, and the distancM'. lietween 
the pianos is 18 units of lenglh. 


invariants of equivalent systems. 

GO. In deducing the conditions of stability of a tandem 
or double lifting system from those of its equivalent 
single system a great deal of time may still be wasted 
in algebraical complications, and this was done in 
Mr. Harper s and my early solutions. A considerable 
simplification may be made by first making a list of the 
iimtnants of e(puvalent systems as follows : 

(1) If 

/ = - .... (96) 

m = i:,svv2AS" J 

then d, fund R are invariants. Of these d represents the 
distanc(! behind the origin of the centre ,of gravity of 
and aS' 2 , f the distance 'of the centre of pressure of 
the planes themselves, R the radius of gyration of aS’',,aS '2 

H 2 
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about the origin. The inclinations ai, og hewing smaif, d 
and R may to a sufficient degro:i of apjjroximation be 
assumed to refer to the areas aS\, instead of S\ and S' 2 . 

(2) The minors of the determinant in are also 
invariants, and these are 


Minor of 

- - P2)(^i - «-2) n „ 

>svs%(.A-, a;,y „ „ s,sy 

” ■■ ■" t^'Ph) )> >» 

~ ^*2)(/*l**’2 “ H'P'l) ” n fJ. 

~ >» >» > 


(97) 


SO that the ratios -/i 2 : ^ also 

invariants. It will be noticed that Xy — x*o is the distance 
between the front and rear planes, which may be denoted 
in every case by /, and that = aSiaS 2 siu^ (aj — a^) 

where ai--a .2 is the angle between tlie directions of the 
front and rear planes. This angle we shall denote by a, 
and we shall further write fii — fi 2 = v so that v~a approxi- 
mately, the angles being small. 

61. To extend the conditions of stability of a>* single 
lifting system to a double lifting one, the other c^pnditions 
of the problem being the same, it is only necessary to 
express the inequalities representing them in terms of 
invariants. 

Taking the ‘‘ simidest case of § 48, where the direction 
of flight is horizontal, the propeller thrust is also in the 
same direction and passes through the centre of gravity, 
wo may write (58), 


g 


l/fiis an invariant and =//i/ or {xi~-X 2 )l{fii’-fi 2 ) for the 
compound system. 

>Sy^/(>S'i + S 2 ) is also the invariant or W as 

defined above, and the condition becomes 


IP 

y 




alj — ccg S\ + S' 2 
— fl 2 S + S'^ 2 


( 98 ) 
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Taking the tether form^ we may^write it 


Kfj ^ ^ *SV>SV 2 


The invariants here are 


S\SJ^ = - »-.,y or caquiii S\S'M 

S\ + .% = .Sf', + 

• .Si = -■ 2<S'.« = {S\ -f S'.^l 
- v.Si;'-* = (.S'l + 


and we m*ay write the condition 

w , s\sr, /i 
Kij ^ '‘“.s", + N', 
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m 


or in a number of different other ways ; for example, we 
may write 


ir 

% 


>'■ .sv-y'" 


whicli reduces by invariants to 


IK (2.SV)2 2.S' IJ (2.SV)2 

'K<I ^ 2aSV(- 


. (UM)) 


It is further to be pointed out that the condition vjl 
positive, which is itself in invariant form, shows tliat the 
front plane must have the lanjer angle of attach. It is 
easy to waste time in turning and twisting the conditions 
of stability into various other forms, and much of this 
danger is saved by a clear understanding of the 
invariants. 


The propeller thrust does not pass through the 
centre of gravity. 

G2. If the propeller thrust does not pass through the 
centre of gravity it is obvious by moments or other- 
wise that if the tail plane Js in a neutral direction the 
centre of pressure of the front plane cannot coincide with 
the centre of gravity. Taking, however, a double lifting 
system, supposed descendi^ig at an jingle 6 with the 
horizon and assuming H the projiellcr thrust, h its distance 
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from the origin (Fig. 27)^ t] its incliiiatiou'^to the ^ine 
of fliglit, the conditions of C(|iwlil>rimn* ))ecbnie, with 
th6 usual notation 

= >rNin 6 ]T cos 
‘ A^?72v*S> = ircos 6 + n sin i; 

KlPlS'fix ^ - llh (101) 

*» 

In practice the angles 6 and will lie small, and from 
the first ecpiation it is evident that II is then small com- 
pared with W, and still more is H sin t) compared with . 
W cos 6. Tlie term underlined will therc^fore be neglected 
in what follows, and we will furtlier assume that cos t) may 



Fui. 27. 


be put equal to unity. This is equivalent to assuming 
either that = 0, or that even if rj is not zero, the 
corrections disc.ussed in § 54 are negligible. 

The third equation shows, as stated above, that the 
system cannot be replaced by an e(puvalcnt system with 
both a:i = 0 and — All we can do to simplify the 
algebra is to assume an ecpiivalcnt system where either 
Xi = 0 or fi 2 = 0. Which is the better choice ? Algebraically 
the simplest plan would be to assume the rear plane to be 
neutral or /a 2 = 0, the third condition then giving 
KS'iU'^x^fii ~ — Hh. For the purpose of applications 
the reverse assumption a*i = 0 seems on the whole most 
desirable, giving = — /7A. For if H is variable, 

or, indeed, II becomes zero through stopping the engines, 
the conditions of equilibrium are modified, and it is clear 
that the easiest way of adjusting equilibrium is by turning 
the tail plane so as to alter On the other hand, if the 
adjustment were made by viuying ;ri, this would involve 
shifting the centre of gravity of the machine, thereby 
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proVbly a^5^c^ing the moments of inertia, f^nd certainly 
effeJting changes in thfe equivafent system that would be 
less easy to take into proper account. • 

Assuming, therefore, for the eqaivalent system x^ = 0 
and X.2 = - /, the determinantal Cijuatiou in >1 becomes 


2(SW + --V/) + 

jn 

KUij 


j tv cos d 

KUX 



y. . L« 1 11 A 

0 / J.^V irsin 0 

+ + A (A 



-y, 





= 0 . . (102) 


The coefficients of the biquadratic arc given by 


lys — ^ 

/ I V 


5) 


H'AKU;i) 


(1o:j<i) 

= ;c*(.s", + f>%) + -S'./ + 2t-£.sv^ (10.%) 

= P + .y, + myy^L, - + 2.y,Av,v (io3r) 


® ^ V_ \ , 


W'^ 

■}“ ^ ‘J'i ~ ^1^‘i ^ 


(md,) 

(103«,) 


where the terms underlined are small (being of order /i“ if 
6 is comparable with fi) in comparison with those retained, 
and they may therefore be neglected. 

We have, further, by the approximate conditions of 
equilibrium (101) 

}Vco8d = KU%S\fXi + s\ji,) 

whence 


^ ‘W(m, + • . . ■ (10%,) 

~ ~y ~ O^iMi + ~ 4 1*** ^)| 

21V ( ] 

= ^ '^*2) (MI - J 
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When 5) io expressed ifi this form, it will «be seen-^hat 
S'lfii + /S' 2/^2 occurs as a factor, not c^uly of but also of the 
whole of 2) except the last term, which vanishes when 
fi 2 = 0, as occurs in thd case of h = 0. Writing /xj — - v, 
we now find that the condition 62) - 6^3 > 0, when 
reduced to its simplest form, becomes 


>0 . (104) 

When we transform this inequality by means of 
invariants to cover the case of a system wliere Xj is 
different from zero, we may use the conditions of 
equilibrium, 

lih llh 






and the invariants of § 60, including the notation, 

Sd = - {S'.Xi + = -S'./, 

= ,S’Vr,2 + -s>:./ = ^ 


and we may express the result in a variety A>f forms 
such as 


w /2 / 


K(j Jvkn 2 If cos (9 Id ~ i 
>0 . (105) 


63. Mr. Harper has verified this condition by an 
independent method, starting with a system in which 
the tail is neutral, but the front plane has its centre of 
pressure not coinciding with the centre of gravity. In 
this case, /X 2 = 0, but Xi is different from 0; his 
condition is 
w 

- W ) - + ^1^2) 

+ %; + ‘V*) - - »•.)”] >0 (106) 

which reduces to the above as he has verified. 




It has been necessary also to work tlirougli a number of 
other formulae which are not of sufficient interest to justify 
their publication at the present time. 

As II is small compared with W, it easily follows that 
unless h is large compared with I the correction for non- 
central propeller thrust will be small. In an actual 
flying machine h w(juld certainly be small in comparison 
with L , 

The above formulae seem to suggest that making h 
positive, 01 * lowering the propeller thrust, tends to decrease 
the stability, but since any change of this kind also affects 
the conditions of equilibrium, the question is not a definite 
one until it is clearly specified what other changes in the 
system are effected in order to balance the moment of the 
thrust. If we suppose the balance to be restored by 
moving the centre of gravity forward, or, what is the 
same thing, shifting the planes both backwards through 
a small distance, we may show from (106) that in the case 
of horizontal Jliijht, stability is increased by lowering the 
'propeller axis and decreased by raising it if 

• 

but the corresponding convers(i when (109) is not satisfied 
is less simple. In this case, lowering the propeller axis 



io6 


BROAD PLANES 


CHAP. 


decreases ^he stability if this stability ris smal? and 
increases it if already (ionsiderabje. « 

A case of more frequent occurrence in flying machines 
is that in which the propeller axis and the planes are 
about tlio i^ame level and the centre of gravity is below 
them. This is equivalent to raising the propeller axis 
and the planes simultaneously above the centre of gravity, 
so tliat the momcJits of the drift and proj)cllcr thrust 
continue to balance each other. It will be seen that in 
this case the “ principle of independence of height " must 
no longer l)e assumed, the corrections to be applied to 
the formuhe depending essentially on the small deviations 
from that property. 


Broad Planes. 

Effect of shifting of centre of pressure. 

G4. We shall now suppose that when the ^angle of 
attack a is increased by da, the co-ordinatc' of the centre of 
pressure of a surface S increases by (t(\>\a)da Cis in § 23 ; 
this will in general be negative ; thus taking Jocssel 
and Avanzini’s formula, the distance of the centre of 
pressure from the centre of figure = 0 ‘6^(1 —sin a) 
= 0’3(l - sin a) x (whole breadth 2a), and thus 

— — 0‘6 a cos a . . . . (110) 

It will be convenient to write 

— - c COS a (Ill) 

and e will then represent, accordimj to this formula, 
the distance of the centre of pressure in front of the 
centre of area at “ grazing incidence ” when the angle 
of attack just vanishes. If any other formula for the 
centre of pressure be assumed, we need only assiime e 
/o he a function of a defined hy a4)'(a) = — e cos a. We 
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do iio\ iu -tliia section take account of the “notary eo- 
cflicicnts ” of ^ 23 • \ 

The effect of the shifting is to alter th(3 coelKciciit 
i\r to KUlS\x-^€fj) and N, to A7/i>f(.r-c/4).r. 

Ill this section we sliall assiinio that tlie pro])ellcr thrust 
acts along tlie direction of steady flight and passes througli 
the ccnitre of gravity, i.e. we negleitt the corrections of 
§§ 54 , 02 . , 

Now in a single lifting system with iKMitral tail x 
vanishes for the front plane and for the rear [)lajie, so that 
iiS'cyLtj; = 0, that is, the part added to N, vanishes. This 
is not nec.cssarily the case for a doubly lifting oi* tandem 
system. For this reason such a system does not in general 
possess a corresponding singly lifting system which is 
equivalent to it in every respeett botli algebraically and 
physically. An exception occurs when e is the same for 
the front and rear planes, so that 'SS'('fix = e'!iS'fix = 0 by 
the equation of moments. We may, however, still simplify 
the algebra very greatly by reqdacing tluj doubly lifting 
systvm by a singly lifting one which is equivalent to it in 
every respcftt but the presence of the added term in N,,, 
that is, we employ the substitutions of § 59, with the addi- 
tional substitution of S\efi for (this determines the 

value of c), hut with the reteiiliou of the additiowd term 
— SS'c/ax in the third column, bottom row, of the 
determinant. 

[I have worked out the solution without the use of an 
equivalent system, but the algebra is very much longer, 
and it is therefore desirable to use this short cut.] 

The determinantal equation in \ is now 




W\ 

KU7f 


2S' 




>S'| + *S'j, 4- 

- 


ir cos 6 

. KU\ 


irx 

Kihi^ 


ir 


S.p - -i- 


ir Hill e 

KU\ 

nv\ 

KUij 


- 0 


( 112 ) 


Neglecting terms of order ti 'nx the first three coefficients j 
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and makitig use of thf equilibrium condiuon- 1 ^ 008 ^ = 
Kl]'^S\ti we get / # ' ' 

I 

A _ Mi 

JK3 - ^ (U3a) 

' rntm) = + .y - (1136) 

~ ~ 

2) / IK v’’ IK 

TF^' J^i) + tan 6) 

(113d) 

& / JV V 2W 

W^KinTg) ~ + /i tan ^) .... (113^) 

In the approximate condition 6D — 6®>0 the pro- 
ducts of the terms once underlined cancel ; and in 6 we 
may neglect /a tan 6 compared with unity. For horizontal 
flight the condition reduces to 

- + S,) + ^(.y + - 2yS’,e^Ll + ^S'e/xx) 

_ gff Vf,yp - ei^l) - (S',+S8)&S>4i<S'V>.'i + 

W S,/ + 8\eiJL 

>0 . . (lU) 

65. For a double lifting system this expression is easily 
transformed into the correct formula by means of in- 
variants. In this case 


S^l + S'^en becomes iSX^fx - x) 

while to transform S\efjLl + hS'cfix we observe that the 
term twice underlined in D arises from the determinant 



‘S'#, 

0 


2ivsr^2, 



2/?>, 

y + s„ 


which becomes 

22iSf>, 

2,sr, 


0, 


1 

1 


0, - 


- ^SS'efjLX 


Now if the bottom term iu the first column had been 
--‘2tSe^ instead of zero the determinant would have 
vanished^ and hence we find that 
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2iVV 

2:s-sr^* yS' :eS'x 
0 0 

— 2ES'eii^y:S'n2S’x (witli fix = 0) or gtiierally 
= - 2 lS'eii^S\f^ 2 vl with v = /x^ - /x., and I = x*, - x.j^ , (115) 


It is not worth while to reproduce all the algebr^that 
has been goii^ through in our preliminary investigations, 
as in all cases likely to be of interest considerable simpli- 
fications occur. For any system with two planes c/i will 
be small compared with I, and only first powers of e need 
be retained. It is only in the case of a single plane with- 
out a tail of any kind that this might become inadmissible, 
and then the algebra becomes very simple indeed. We 
consider only the following cases : 

6G. Cask I. — Single lifting system with neutral tail.— 
In this case ^S'ejix ~0y and in the case of horizontal 
flight the condition reduces to 

W * Kii 

Ky W + + ‘%) - >0 • (ii'i) 

» 

and the condition when higher powers of c/i are retained 
is not much more complicated. 

For flight at an angle 6 downwards with the horizon, if 
tan 6 be neglected in (S we g(‘t 


W 

Kij 


m + (1 + - F.S'.(S', + -%) + 


{S 


ttxn B Kij 


^ 2 tan a 


— - S' I \ 


>0 


tsm B 
2 tan a 

. (117) 


Putting W sec 0, we get 


y cos B 


+ (i + 

{2 + 


ta n B 
2 nm a 
tan ^ 
2 tan a 


) •- + .%) + s/ 


y cos B I ) 
+ i/' ( 


> 0 . 


tan B 
2 tan u 

. (118) 


a quadi^atic in i77</. 



f 
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67. Caoje II. — Singlp plane without < tail or rudder.— 

This case may be deduced fi*o;n the ^preceding one by 
" putting 1 S 2 and I — 0. But where the stability is entirely 
dependent on the 'shifting of the centre of pressure, it 
is really Easier to start afresh and use the complete 
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Frc. III.— Edward Mtnrs Biplank at Doncaster. 

An aeroplane having no auxiliary tail planes or vertical tins. Loiufifudiual 
Htahihty could only be attained by me.ans of the shift of the centre of pressure 
with varying angle of attack (§ (57), and the stability condition would thus 
impose a superior limit to the speed. There is no Intrml stability, all the 
coefficients in the biquadratic except the first two vanishing. 


discriminant instead of the approximate sulistitute 
(ST) - @i3>0. We have 


~ wAKlhj) ~ 




wKkiiij) - Rif 
(S f W \ 
JvAKUij) 


AT-i(l + 2p2) 

” ^KHri(j 


=TR-, 'S'V 


IVAKifij 






(119) 
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whence • * » y ^ ’ 

- %xf w \3 w 

-(a7T>- 

and with this substitution the condition whicli may ha 
written 




reduces to 


• / 

- li tan «)(l + -‘2 - j - + li tan «)>() . (120 


that is 


III ^ “(1 + COS 0(i + fi tjin 6) 

^ - .. ftin 4- 


(1 + 

or going back to the substitutions aS' = aS'cos -a, /A = tan a. 

P cos ^(1+2 tan‘‘^n)“(l + tan a tan $) ^ 

<1 ^ r'tan«(l - tan a tan ^)(tan a + Jtan^) * ^ 

For horizontal jliyht (^ = 0) this becomes 


IP ^ r(l + 2 fcan'^ay 


IP p 


t> tan‘^«“ ’ or appiv.ximatcly - > , j,,,, ,, , . (122) 


If^ PSil + sin=-'a)2 
K<j ^ (• sin a cos a 


. . (J22n) 


For a glider 6 = a giving 


TP 2 P cos « (I + 2 tan“a)‘“(J H- tan -a) 2 P{[ + 2 tan ^a)'^ C(js a 

ij ^3 €tair“fl(l ~ ian ’-^a) 3 A’sin Vl " tan^a) 

(123) 

or approximately 

(f A e sin ' ' 


thu^ the minimum value of l/'^/(]( re<juired for the stability 
of a glider is only about two-thirds of that required fo 
the same plane when driven horizontally through the air 
Stability becomes impossible if the plane is rising at i 
greater angle than tan"^ (2 tan a). 
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68. Nov^ taking th(^ exact conditior^ fpr the case of 
horizontal lliglit ^ 


jV BSf(l + Hin 
^K<j ^ e sin a com a 


(122a) 


and supposing JV and S are kept constant, there is an 
inferior limit to sin a, and consequently a superior limit 
to the velocity U consistent with stability ; that is to say, 
it is impossible to increase the speed of propulsion of a 
single plane above a certain limit without the plane 
becoming unstable. There will also be a maximum value 
of a consistent with (I22a) corresponding to a minimum 
velocity. The left hand side of (\22a) will be found to 
be a minimum when a = 28° roughly. 

On the other hand, in the case of a system of narrow 
planes the condition of stability when expressed in the 
form (54a) of (§ 48) gives a limiting value for W which is 
practically independent of the angles of attack of the 
planes and depends only on their areas and their distances 
in front of and behind the centre of gravity. This 
condition is thus independent of the speed. 

For these reasons it is highly undesirably that the 
stability of a flying machine should be made to depend 
on the shifting of the centre of pressure. The machine 
should be constructed to satisfy the conditions of stability 
based on the theory of narrow planes discussed in this 
treatise. The effect of the shift of the centre of pressure 
is certainly to increase the stability in certain cases, but 
the higher the velocity the less is the advantage, as may 
easily be seen for the case of a single lifting machine 
from equation (118), 

Furthermore, the fact that no account has been taken of 
‘'rotary derivatives'’ — the eftects of which may be com- 
parable with those of the shifting of the centre of 
pressure — renders it still more necessary to rely for 
stability on the separation and difference of inclination 
of the front and tail planes. 
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It m importoU'to point out tlirit these conet)i$ions are 
not based on the ussumpf^on that the rate of shift of the 
centre of ])ressure hec' 4 »ies small ivhen a or ^ if 

small, for according to our assumption it tends to the 
limiting value — c. 

For large values of a the investigation will require 
corrections owing to the deviation of the i)ressure on tlie 
plane from the simple “ sine law.” 


Effects of friction — Raised planes. 
Deviations from the “ sine ” law. 


69. Suppose that, owing to frictional resistance, the 
resultant thrust on a plane makes a small angle e with the 
normal. Then a difFcrcnce will exist between the angle of 
attack a and the angle a or a + € which the resultant 
thrust makes with the axis of y. The case of e variable 
is practicfj^lly covered l)y the corrections of § 70 below. 
We shall write in tliis case S' ~ S cos a cos a instead of 
S cos'-^ a, ard /a = tan a, f = tan a. 

Further, instead of assuming the principle of inclepend- 
ence of height we may take account of the height of the 
planes by writing a;' = y/z', x" x' will then be 

the abscissa of the point where the resultant thrust meets 
the axis of x. If we then write = so that 

x" = x' --y/ju", the determinantal equation takes the form 


aeS'/iV. i'-s'*'. 


- ijft") - . 


}V cos 6 

KU\ 




.1 a. ^ a. ^ ^ 

+ + k(jT 


- yfi") + 
= 0 


Wk^X 

KUq 


(123) 


If y is the same for both planes it is obvious that the 
system may be replaced by an equivalent single lifting 
system with neutral tail raised at the same height y above 

I 
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the ccntrofof gravity, a|id the calculatiqnf.^* might thus be 
used to irivestigat(j the effects 011 loiigitjuliiijll stability of 
' a low centre of gravity. The formation of the coefficients 
of the biquadratic •and substitution in the approximate 
..form of the discriminantal condition of stability presents 
no special difficulty even in the most general case, but it 
scarcely appeared desirable to work out tlfc formulae in 
tliis memoir. If the results are wanted, this can always 
be doiKi subsequently. 

70. If the “sine*’ law of resistance be not assumed, we 
may still write 

Ji — KSLP^ sin n, 


where K is now a function of a, say K{a), and aceordin^ 
to experimental evidence 

ir(0) = 2K (J^ . 

In this case the resisUnce derivatives only involve the 
values of li and dRjda, and we have 

S = cos « + Hina) . . (124) 

If we give K the proper value for the value of a undei 
consideration, the whole of the previous work holds good 
subject to the assumption that dK/da sin a is negligihh 
in comparison with K cos a. If not, corrections may be 
applied. For the single lifting system, these corrections 
will only occur in where S\ will be replaced by 


Principal effect of curvature of main surfaces 
(Camber). 

71. From § 32 it easily follows that for a concave surface 
with neutral tail the variations in the direction of R con* 
tribute to X., an additional term, which is equal to 

— U ale */»'(«) sin a cos a. 
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If.Vc examine^ the (‘.orreetioii fkic to this cjyise alone, 
assumuig the*oth(;i‘ ilevivittivcs to have the same values as 
in § 48, we find that tlie correction does not alfect 31, 
or G ; it introduces oidy terms of #r<ler sin- a into CS, 
while for 3) we now find 


2 ) 211^ ., „ . . (t 

If, as is ii^ual with plane surfaiics, the centre of pres- 
sure shifts forward as the angle of attack decreases, ^'(a) 
is negative, and the effect of concavity is to decrease 
2), and thus to decn^ase stability. If, for veiy small angles 
of attack, however, the ('(Uitre of iiriissure rc(;edes as the 
angle of attack decreases, the efi'ect of concavity tlien 
incri^ases stalnlity. In any cas(% the ettect depends on 
the term in D (assuming N^^ = 0). In view of 

the diflerence in the resultant pressure on plane and 
curved surfaces, it will be more exact if we assume to 
be the area of the ('qiimdeNf plane surface. 


Effects of wash.” 

72. Another case in which the coefficients are modified 
in a similar way is where the wash produced by the front 
pl.ane alters the direction in which the air ini})inges on 
the rear plane. The anghi of attack on tlui real* plane 
will be less than tlie angle which that plane makes with 
the line of fiiglit, so that the resistance derivatives of the 
rear plane will again involve two angles a, a. 

In Lanchest(U'’s investigation, allowance is further made 
for the fact that oscillations of the front plane may produce 

fluctilations in the direction of the wash which affect the 

0 

pressure on the tail plane. In connection with the present 
investigation, the method of applying the latter correction 
for a single lifting system would be as follows : — Let the 
machine receive a small velocity v perpendicular to the; 
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line of flight. This wijl produce an additional component 
velocity of the wash current in the sdme direction 
‘which will everywhere be proportional to v when v is 
small. If the valfic of this component at the tail be 
,(1 — €)y, the effective change in the corresponding relative 
velocity of the wind on the tail will be ev instead of v, 
cousecjuently tlie portions of A",, Y,, due fo the tail will 
liave to be multiplied by e. 

In this case tlic correc.tion is very easily applied. Con- 
sidering tlie ‘‘ simplest case/’ the determinantal bicjuadratic, 
aft(ir its last line lias licen multiplied by 1/e, becomes 


a.sv+ .s>. 


■■ 



-f- -f 

IVX 

KUy 

■ k;, + KU\ 

=- 0 

0, 

- 


^ W\ ]c- 

(126) 


This equation is doducible from the original one by 
substituting for //e for /, and k‘^/e for and we 
only have to make the corresponding substitutions in the 
final result, which for horizontal flight now gives 




(1^) 


agreeing with Lanchester s result. It should be observed 
that in this case we assume the tail plane to be placed 
neutrally with respect to the wind. It will therefore make 
a small angle a.j with the line of flight, so that the first 
line of the above determinant ought to read 
^ ^ W\ w 

sin og ~ cos 0 - SJ> sin a.^, 


even if cos a .2 is taken to be unity in the second and third 
lines. This correction oqly introduces a small additional 
term, 


- 2 k^S\fiS. 2 f sin in 


l^f _E_V 

W^KUy)' 


, and this is usually negligible. 
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of “ Ihg ’}' — The fluctuaticlis in wash pi^^hably do 
not affect the tail ^lane a{ exactly the instant when they 
are set up by the main plane, but it would be rather 
premature and unnecessary to investigate the correedion 
for the “lag” thus produced in the present state of our# 
knowledge. It is obvious that the greater the speed of 
the aeroplane, the less will this correction be. Its existence 
should, howeyer, be admitted. 


Three plane systems. 

73. We have seen that the loss of stability which 
occurs when an aeroplane risers at more than a certain 
angle is due to T) decireasing and chaiigiiig sign. Now 
35/^® contains the determinant of the resistainjc 
coefficients, which for a two plane machine has I)een 
proved to be zero. If, however, for two we substitute 
three planes or sets of sui)erposcd planes at different 



horizontal distances from the centre of gravity, A^ may 
have a value different from zero, and this fact may be 
used to increase the stability. For example, the machine 
may be provided with a tail plane in the rear, and a 
rudder plane or elevator in front of the main-supporting 
surfaces, as in the Farman and Curtiss biplanes (Fig. 28). 

Let fill, >S. 2 > ^8 areas, Xi, x.^. x^ the aliscissse or 

horizontal co-ordinates, oi, aa, ag the angles of attack of the 
three planes, then with the usual notation fi^'i = >Si cos^ ai, 
fii = tan ai, etc., we have 


2*V I 

2S'fi I 

26V 26'u: I 
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By tho *nil(i for multi|)licati()ii ^of two U(*fL?rniinnn,ts lliis 
Is to t ^ 


iS'Vi, \ |x^, n,, 

2 ,sv .S', : X I, I, 1 ' 

S *S.y.,, .S ,»•, .f.j, .1 , ' 


Mi 

2N',N>":5 U U ^ 


-- . (12H) 

iHfl fs csseHfiafh/ nulcf^s it J)r zero.* 


Photo.] {The Spiol oinl fi'uti l•(l^ III ii\ti'atioii't Co. 

Fid. J\'.- M. TIenky Fakman Flyimj at 1’.la<’Ki*(k)L. 

All acroplaiR* with auxiliary surfai-es fore and aft <‘<mstitutitig a “three plane” 
systeni as in § 73, eacli pair of superposed planes (‘oiintin;.^ as a siuj,de plane 
for the j)ur[)oses of loni^iUnlinal stahihl y. 'Fhe eoinlitions of httcrnl .yfahllift/ 
are not all satistieil. 'I'he vertical rudder planes in the rear are eijuivalent to 
a single vertical fin Ix'hind and not much above the centre of gravity, so that 
the coefficient (5, is negative (indicating instability), though 5), arnl-Cii are 
positive. 

7Vir effeet of thU term is lluis to incrmse^ never to 
(leere^tse^ sj/onnetric stahiJity. 

Tt remains to (‘xamin^*. the eflFet't on the other co- 
efficients ill tlic biuiiatlriitic, and for this purpose we 
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shall iiojaifi the. notion f)f an systrm 

of pin) ten, • , * 

We ean, as in § 51), choose a sin<i;lo liftinij;* siirtaci* witl/ 
neutral tail having the values of S.SV", 

the same as for the given three })lane system, hut 
in vi(;\v of the fact that is not zero, the value of 
2NV will no longer be the same, that is, it will no 
longer be equal to SJ- in the second system. 

To get over this dilKcmlty we imagine th(‘ neutral t)lane 
divided into two parts, say equal ])arts for sim})lieity, and 



Vui. 21). 


these parts separated by a. distance 2<\ the middle point 
b(‘tween them still being at a distaiu'.e / behind the 
centre of gravity. The new system is thus speeilicul 
as follo^^s (Fig. 29) : 

AreA.s of pljincH . . . /S’, 

Inclinations .... a 0 0 

Co-ordin.‘vtos , . . .0 - I r - / r. 

The value of S/SV" will tlnm be equal to S,f + c-), the 
relations between the original and the new systimi being 
as follows : 



Original System. | 

K»juivalcnt SysttMu. 


iSsura 

»S, sin-« 

• 

2/S sin a cofi a \ 

iS, .sin « cos a 


2/S cos'-^ a • 

/S, coN'^n + *S^ 


2/S 1 

/S, + /% 


2*S.f’ sin a cos a ( ~ 0) ! 

0 


cos'^ a 1 

- SJ 


2/S./'- cos- (1 ^ 

+ /S,(r^ + /••-’) (129) 
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For the equivalent system we easily fii\d t 

t • 

• ~ 2S^S.^^c^ siir a .... (1*^0) 

t 

and since A; for the original system has been shown to be 
essentially positiv^e, it follows that is positive, so that 
the distaiKie of separation of the two parts oi the neutral 
plane is real ; in other words, the erpiivalent system is 
a possible one. 

74. We now form the coefticieiits of the biquadratic for 
the equivalent systiun, taking into account inclination 
of flight path but not head resistance, always supposing 
the propeller thrust to act along the axis of x and to 
be constant. To the usual first approximation 

« = (m'‘, = ClV{S', + S,} + W%{1'‘ + f2) . (ISln, /-) 

+ ^) + (I3k) 

= 2>y,.VcV^ + + t-in e) . . . ^ (ISlrf) 

e 2 

^ 0 + fi sill 3) = 

2 

= ^ to first order (131e) 


If we suppose ^ = 0 in the first instance and form 
the approximate condition 6T) — > 0, we shall find 
that the only parts containing which do not cancel 
are those arising from the product of 6 into the term 
underlined in T), which arises from the determinant and 
the condition of stability becomes 


W 

KyV - 

J tun 9 
+ (1^ 


+ s,)fr, 

¥] w + 


IV • 


> 0 . 


(132) 


The ^approximate condition for stability is the same as it 
would be in horizontal flight' with c = 0, when the direction 
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of ’flight? innk^s m upward Jingle with J;he 
given by • 


tan 


a _ U cos B c- 

^ I " " - *S'7/ I ■ 


I2I 

» 

« 

Iiorizoii 

(I3;i) 


and this represents the increase in the angle of elevation 
consistent with stability obtainable by separating the 
halves of tlic neutral plane through a distance 2t*. 

To sum up, then, the vahies of (lud 6 are increased 
by the sul)stU((tion of 1“ + c“ for P. The ndne ® is 
increased by the additional term doe to the deter- 
minant thonyh for ascend iny fliyht it is decreased 
by the term mrolviny tan 6, irhich is then neyative. The 
net result is an increase in the approximate discriminant 
ST) - S'^B, this increase beiny equal to the increase in. T) 
multiplied by the increased value of S. For the original 
system the increased (devation obtainable by this means is 
given approximately by the relation 

Aj - \V’i{i N„ sin B =- 0 (iV„ negative, B negative) . (laiirf) 
as is evident from ecpiations (IS^'^). 


The question of the hitherto neglected rotary 
coefficients of broad planes. 

75. The transformations and methods of the last article 
help us to obtain some estimate of the general effects 
of the rotary coefficients /‘(a) and if only as deductions 

from assumed hypotlieses concerning them. 

A plausible assumption is that when a plane rotates 
aboiU its centre of qyressure, the resultant thrust is not 
affected by the rotation to any important extent — possibly 
not? at all, but that the moment of the pressures so set up 
tends to retard rotation. If this be assumed, the effect is 
represented by an additional positive term in and can 
bo made equivalent to the effect, considered in the last 
article, of changing Sf into -f c“) by a suitable choice 
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of c. The pflPect is tliu(‘ to increase stfibility and* in 
particular to increase the angle of* elevation of the flight 
pdth consistent with stability, as indeed is almost evident 
from general considerations. 

Jf rotation Vibout the centre decreases the moment of the 
resistances, the effect will be to decrease stability. This 
alternative hypothesis seems much less plausible than the 
first, but questions of the kind cannot be decided by rule- 
of-thumb reasoning. In this connection, it is a significant 
fact that a balanced plane which is free to rotate on its * 
axis will rotate continuously when placed in a wind, but 
the decisive test is obtainable (§ 29) by attaching the plane 
to a pendulum placed in an air current, the axis of 
suspension passing through the centre of pressure, and 
observing whether the oscillations subside or increase. 
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* ASYMMKTllIC OR ^ LATKIIAL ” STARILITY - STRAIOHT IM.ANKS 
AND VERTICAL FINS. 

Further hypotheses regarding narrow planes. 

76. In dealing witli tho longitudinal or symmetric 
oscillations, wc assnuK'd as a definition of nru'row planes, 
that tlie eliord or distance* from the front to th (5 l)aek edge 
of a ])lane was so small that tlx*, unequal vedocities of the 
two edges due to rotation had a iiegligihle effect on the 
distrilAitioii of pressure. On the otlier hand, in studying 


( 






.1 
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the asymmetric oscillations we have to take account of tlic 
fact that the span of the planes is often considerable, so 
that rotation may produce considerable differences in the 
velocity at different distances from the axis of./;, or rather 
from the plane of symmetry. 

• Let the plane be divided into strips such as dS in the 
accompanying figure. Tlnm the new assumption which 
we have to make, and which W(} agree to regard as implied 
in the definition oi a 'narn)w jdanr, is that the lu'cssure on 
the element dS is indepeh(hmt of the motion of p|irts 

123 
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to the right left of thi element, and depehds only, on 
the velocity of the element itself. * A further assumption 
wlKch we regard as implied in the statement that the angle 
of attack is small is th&,t the pressure on dS follows the 
wejl-known sihe law, or, what is equivalent, that the 
resultant thrust on dS = KdS x resultant velocity x 
normal velocity relative to the air. 

A correction is probably necessary, at Icast^ near the 
extremities of the plane, but it is no use trying to take all 
such corrections into account at the outset of the discussion 
(see § 93). 

To make the argument more general, and applicable in 
particular to surfaces which are bent up or down towards 



their extremities, let us suppose that x, y, z are the 
co-ordinates of the element dS, and that ?, m, n are the 
direction cosines of the normal to this element (Fig. 31). 
The resultant velocity of dS is 

XJ + U - J/r + zq^ . 

neglecting terms of the second order, while the normal 
velocity is 

1{U + w - yr + sg) + w(y - zp + xr) + n{w - xq + yp), , 

so that, again to the first order, we have for the resultant 
thrust dR on the element 

dR = KdSllV^ + 2lUiu - + zq) , 

« + mU(v - zp + xr) + nU{w - xq + yp)] (134) 
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ancl tlie^cor^spoiiding force and couple components, when 
integrated* over, all the •elements, become 

y 


X = jklR, Y = jmlR, 


Z 


J nilR, 


L = “ tnzylRj M ** ~ **‘**)'^^) ^ ~ *- lt/)(iR. (J35) 

If the aergphine is symmetrical about the plane of x, /y, 
such integrals as contain only odd powers of z or of 
n (when is expressed in terms of dS by means of 134) 
will vanish, and this will secure the conditions that the 
resistance derivatives (X, F, N^)u,,p,q ‘‘^■*id (Z, £, M) „ „ 
vanish, i.e. tlie independence of the symmetric and 
asymmetric oscillations. We obtain 


-r U'^ J Klhis 

+ 2Uu j KfMS 1 Uv 1 KlmdS 



+ Ur^ Kl{mx-21y)dS . . 

(136J.-) 

:= j KlvulS 

+ 2Unj KlmdS + Uoj Km^dS 



+ i/r J Km{mx - 2ly)dS . 

(11%) 

■ U'^j.Klimx- 

lyjdS -h 2Uitj Kl(mx - ly)dS + Uo j Km{mx - ly)dS 


+ Ur J X(?nx - ly)(mx - 2ly)dS 

(136/0 

r: UW j Kli'hlS 

+ Upj Xn{ny-mz)dS 



+ Uqj XH{2h-nx)((S . (I36x) 

L — Uwj Kn{ny - mz)<lS + Up j K{ny - mzfdS 

+ X(vy - mz){2lz - nx)dS ( 1 300 

M = Utoj Kn{h - nx)dS + Up j K(n;/ - mz){lz ~ nx)dS 

+ Uq j K(h - nx){2lz - nx)dS (136w) 

The first three refer to longitudinal stability. By 
putting I = sin a, m = cos a cos n = cos a sin ^ they 
might be applied to the case of an aeroplane whose surfaces 
slope upwards at an angle towards their extremities. 
This case reduces to the problems considered in Chapters 
V, VI by putting cos In most cases of immediate 

interest, this approximation will be amply sufficient, and 
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J I ^ * 

therefore it considered Undesirable te reproduce' a fufler 
discussion here. In lateral stability tli^i differiuice is 
in^^ortant and we start witli the simplest case. 


f 


* Straight planes. 

77. By tins we mean planes perpendicular fo the plane 
of X, y, in (‘.ontradistinction to tlie lient up planes just 
mentioned. For tliese we put / = sin a, m = ciSs a, n = 0, 
and ol)tain 

7J,^^ oacli - 1) 

and writing 

I = jz^(lS= moment of inertia of area of [dane witli 

respect to the plane of x*, y, we have 

= KTJI a L,^ - — 2KUfH\nacoHa 

= - Kin sin « cos «, M,, — + 2KUI sin-^ a . , (137) 

Substituting in the expressions for the coefficients in 
§ 20, we find 2) and (omitting the suffixes) zero, 
also for a single plane (S = 0. If there are two planes 
whose angles of attack are «!, a.,, and moments q{ inertia 
and I.j it will be found that 
e 

~ 2 U fi /2 sin-(«, - 03 ) (t38) 

which also vanishes if = tu or the planes are parallel, 
likewise if /j or /o = 0 or one of the planes is a rudder 
plane of negligilile span. 

In every case two, if not three, roots of the biijuadratic 
vanish. This indicates lack of stability, the eftects of 
which can be studied by writing down the equations of 
motion 

~ )r.sin<i^cos^ 

^ ~ ydl ~ KUI{ - }) cos^ a + 2ii sin a cos a) . (139^9) 

^ ~ ijdt ~ ^ ^ ** ~ 



127 


VII LATERAL STABILITY' 

Irjie fastHwo slfow that theJc is no tendency for the 
machine t(5 right itself •if it heels on one side, for there is 
no term in them depending on the aidioii of gravity, a/id 
therefore no tendency to assume a definite ])osition relative 
to the vertical. The first tells us that if the machine has 
heeled over through an angle <p, gravity will timd to 
make it sfide down sideways, and there is nothing to 
• check this tendency. The maintenance of lateral halamui 
must therefore lie effected hy furnishing tlie machine with 
warping devicics to he controlhiil hy the operator, or else 
other planes, sucli as vertical fins or rudders, must he 
added. 

The explanation of the third vanisliing root of tlie 
Inipiadratic in the case of a single plane may he semi hy 
multiplying the second and third eipiations aliove (Idi) p, 7 ) 
hy sin a and cos a, and adding; this (‘liniinates the right 
hand side, and the resulting equation expresses the fact that 
the couple about a normal to the plane is zero, so that 
there i^ nothing tending to check rotation ahout this 
normal, ie. there is no directional stability. 

The following points should he noticed. 

( 1 ) 7%e (effect of a straiffht narrow plane on the lateral 
stability depends on the moment of inertia of its area 
about its plane of symmetry, and does not dejwnd on the 
2Wsitio7i of the plane. For x and y do not enter into 
the coefficients. 

( 2 ) A horizoidal rudder 2 dane for sleeriny m (i vertieal 
plaiie does not affect the stability unless its S 2 )an is 
considerable, 

(3) We may write 1 = SR^ where S is the area and R 
the radius of gyration of the plane. We may, following 
Lanchester, extend the method to cases other than those 
of narrow straight planes hy suitable conventions as to 
the value of R in the various terms, these becoming hi^ 
‘‘ aerodynamic ” and “ acrodromic radii.'’ 
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( 

\ V 

Effect of a single ^^ertica! fin. 

\) 

78. If wc suppose ra vertical fin or plane of area T 
placed in or parallel to the plane of x, y with its centre of 
pressure (for grazing incidence) at the point {x, y, 0) or 
(^> V) the resistance derivatives due to this fin are 
given by 

- K^TU Zp = K'TVif Z^ ^ - K'TUx 

L„ = K'TUy Lp - K^TUy^ L, - ~ KTUxy 

M,, = - K'TUx Mp= - K'TlTxy M, = KTUx^ . ( 140 ) 

while for a system of several such fins we only have to 
prefix the sign of summation to expressions of these 
forms. These expressions are, of course, to be added to 
the corresponding derivatives due to the main planes. In 
the case of a single main plane and a single fin we 
obtain 

2 ) W 

Ijry = KK'IT —(ij sin a - a; cos a) cos a 

- ^ - Fx) C 08 « + {Ax - Fy) sin . (141<i) 

a w ^ 

=: KK'Tl (2 sin a cos $ - cos o sin $) (a; cos a - y sin-^i) (141e) 

Consider the case of horizontal flight (^ = 0), and, to 
simplify matters, suppose the axis of x is a principal axis 
of inertia, so that 0, an assumption we shall frequently 
find it convenient to make. In this case, the second term 
in the expression giving 2) reduces to the part containing 

Now the only way of securing the stability condition 
Q positive is by making x cos a— y sin a positive, that is, 
placing the fin or rudder in front of a line through the 
centre of gravity perpendicular to the main plane ; i.e. 
briefly speaking, placing the rudder in front. But this 
^necessarily makes the first term of 2) negative, a result 
which can only be counteracted by making y negative and 
sufficiently large in the second term of 2, that is, by 
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raising tire consulenilily aliovi tlit* immiIiv pi' gravil}'. 
Mr. Harper *{iir 1 J havii 'iiivi'stigatcd the niaftia* al some 
length, and find that even wIkmi .stability could theoi’etic^ 
ally be .secured by this means the height of the fin would 
have to be far too large, in [u-oportioii to it.s horizontal 
co-ordinate x, to enable the method to be applii'd in the 
construittion of a I'oiivenimit Hying machine, a,nd further 
that the difthmity inerea.ses with tlui veloi'ity U. Thm’c 
is, of cour.s*e, a po.ssibility of improving matters by 
making the product of inertia 7^' positive, but this again 
doe.s not appear vmy promising. 

In a flying machine of the now pri'valmit types, y is as 
a rule not very different from zm-o, and the choiite lies 
between putting the v(u*tical rudder behind and making 
the machine unstable through negative or putting it in 
front and making it unstable through ® lUigativii. For 
a machine, the dimensions of which were given, it would 
be easy to obtain in either case nunuu-ical approximate 
solutions the bupiadratic and to decide which was tin* 
lesser of the two evils, but a mon; intev(.*sting line of 
investigatif^n is to examine how two fins an' better than 
one in securing stability. 


General case of a number of fins. 

79. It will be observed that (1) the resistance deriv- 
atives due to vertical fins parallel to the plane of x, y are 
independent of their 2 : co-ordinates ; thus, for example, two 
vertical planes symmetrically placed at opposite sides of 
[;he plane of x, y are equivalent to a single plane of 
iouble the area in the plane qf x, y midway between 
:hem. 

(2) For a number of fins the resistance derivatives 
jontain the sums of first and second powers of their 
Jo-ordinates, and are thus transformable by the rules 1 

K 
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• ' M ' . 

a[)|)li(^al)l(M^'o (‘.(‘iitros ofVgravity and' moinv-<its ‘of inertia 
(eonn)ar(3 ] fane li ester’s “ Fin Itesohitioii 

Writing T for the svm of tlic areas of tlie fins, x, y 
for tile e o-ordi nates of tlieir centre of mean jiosition (or 
(;enti*e of j)it‘ssiire), and J/,, d/o, 7^ for tin; monnmts and 
jirodnct of in(*rtia of the areas of tlic fins witli respei'.t to 
axes parallel to th(‘ co-ordinate axes through tin*- latter 



\Th< Sport a,h( ,,tl lIlKxtraliom Co- 
Fkj. V.— (Ilkn (^rimss Hiplank at Kiieims. *» 


An aetoplanc wiUi Uu* vertical hns, namely a trian^ailar lin in front ami a 
bcliiml. This arrangement is favourable to lateral 
Htal ilit> 1 the centre of pressure of the two tins is slightly above or in front 
ot 1 he centr<' of gravity ami certain other conditions are satisfied (§§ 84-86). 


])oint. the expressions Z„, Z,„ Z,„ L,„ .1/,^ of tlic last 
article hold good, but we liavc 

L, K'Vi'iy + ^ M,. = - K'V(Txy + V), ^K'U(r.,-^ + M,) 

( 142 ) ■ 

To sliortcn the algebra assume provisionally that' 
A ' = A. If the fins liavc a difi'erent resistance-eoeflieient 
A from the main planes yve can subse(|uently restore the 
difference liy putting a factor K'jK into the terms 
depending on tlie areas and moments of the fins. 

The detcrminantal equation is most conveniently now 
put in the form of an equation in xjKUy, and becomes 
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* X • 1 ir cos A' f"»A 

f If iT sill i. A' F-/\ ! 

A'-/ A'-r-'-il^ \ j 1 

• X 


X ' 

. -'a'/.v 

4- W + 

-F,,^^^ -('/>, 4- F) 

4- /co.s-<j. 

^ “ li/ sin <i cos fi j 


,-{'/>!/ + /■) 

'■ hT.i'^ 


/ sill Mcos < 1 , 

+ 2/siii-<j ' 

• 

^ 0 

. fit:?) 


At tills stiigr, it will 1 h‘ loiind (mui v<‘nii‘iit to wrili^ /' foi’ 
7 (‘os“ a and fi lor tail a, (*onsist(3ntIy with the jinictii'i* 
[it'oviousi}' adopted in dealing with longitmlinaJ stnlnlity. 

When the (K'terminant is developial into the !)i([iiadr;die 
form, the following expressions ri‘tM'esent the ('oi'lliiaents if 
\'KU(f is tak(‘n as variahle, ^1, 'lA Cs, (‘t('., rejiresenting 
the eoetiieii'iits if \ is takim as va,riaMi‘ : 


Vi 

'liihf 




iPlJY 


^ ir{An - F^) . . (114-0 

- T{All - FO 

+ ii'|a(L>/y f 7v^ + o/,) 

- tXAlfi f 27V-/ f- '2F) -I- />‘(/' ^ 'ly -i' . • (t44/0 

-■^'/’[.(pry + M.,) - I- + IK'' t- ^'i)l 

+ ivr\-2{T,/ -I- i/,)y - \- V}^ h- (r..'- t- .u,)] 

•t- 2/Vi, + M.r) h )r(,u,.i/, - r-) 

-/.V) 


K'J 


(144--) 


= 77'[2iU,,*“ - ■.\P^ + 4/,] + - 7'-) 


WT 


- I'M 


7'lFcos 6 


Uhl - Ft) 


Y’fr sin B 
KnJ\f 


(Jt - Fn) . (144r/) 


G 


WTT 

' m) “ sill 6) 

+ Jcos^iTt - ^F\i) - sill 


(144-0 


These expressions become iijiich simjilified when (L) the 
angle of attack a of tlie main })hincs is small so that fi is 
small, (*7) the fins are so small that we need only retain 
the lowest terms involving 7b.)r the correspond- 

ing moments, and in 2)articu1ar J/|. AL, P ar^ small com- 
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pared witli {:]) the [)roAict of inertia F viynislies. '(4) 
^ — 0 or is small. I n these eases, ^’e havv‘ to a sufticieiit 
ai)^)roximation * 


VI = ir.tJi,, = )rrn 


(I45a, h) 


^ , --- 777/ - + r{A M, + mi,) + irr(7V-’ + a/',) (i4r>r) 


^ ,, irTf'jc T\V 

/v '<rv “ 

^ , ... 
A'7/^V' t:in^)c()H^- 




(14.V) 


WT 


( 145 .) 


HO. From these forms, we notie.e the following 
points : — 

(1) Tlie moment of inertia M, of tlic fins docs not 
entrr into the a[)[)roxima,te values except in the part of 
K whieJi is of order 7^-, although the height ij of their 
centre does (Mitm*. There is thus no advantagii in making 
M, dittorent from Z(U*o, that is, placing two fins one above 
the other. 

(2) It is easy to see that — is zero for two fins, 
and positive for any number greater than two*' unless 
Collin ear. As this expression occurs among the neglected 
terms, there is no advantage in using more than tUo fins. 


General character of the oscillations— Ap- 

proximate resolution of the biquadratic — 
Resistance to rolling. 

81. The conclusions obtained in connection with the 
separation of long and short oscillations in the case of 
longitudinal stability do not hold good in the case of 
lateral or asymmetric oscillations, and in the present case 
the separation of the roots of the biquadratic assumes a 
different form. 

In the first place, if there are no fins, only the first two 
terms of the biquadratic remain finite, and these give rise 
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to one valufi of X, say J,, wliieJi = 3(. Willi 

the approximate valuel^ of (145 h) wc liav^ 


KUij ^ 


(Jl«) 


whence is essentially negative as reipiired foi* stability. 
This solufion (lotinanines the rate of (lamping of an 
angular velocity y> about the axis of ./*, as is evident from 
first priiKviples. It is, in fact, (Mjuivaleiil to the dynamiiraJ 
equation, 

- AT/',, . . . (|4li,0 


AVliile this damping tends to (dieck th(‘ rolling motion 
about the lim; of flight, it indicates no tendency to restore 
equilibrium when the maehine has heeled over through a 
definite angle about this line. 

Even when F is not zero and a not small, X^ will in 
general be negative. For is essimtially positive 

by the.^hcory of moments (jf inertia, so that 3( is [lositive, 
and writing .1 = + r), cte., as in elementary lligid 

Dynamics, wc find (with T, Mu d/j and P eacli zero) 


j^j~ ~ cos a - 1 / sin «)(.<’ cos a - 2i/ sin a) + 


(U7) 


an expression which could only be negative in the ease of 
a jircponderance of tlui mass of the flying machine between 
the planes x ( 30 s a — y sin a = 0 and x cos a — 2// sin a 0. 
A machine the mass of whhdi was so distrilmtcd might lx*, 
expected to exhibit anomalous behaviour, but would not 
occur ordinarily in practice. 

If the fin area T instead of being zero is small, the 
romaining roots Xo, Xg, X4, of the bhjuadratic will be small, 
compared with Xj. They will, therefore, all make 3lx^ 
small compared with 'tBX^ ;ind therefore will be given to 
a first approximation by the cubic 


• + 2)\ + e = 0 
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^ . /.I . / 

the conditiox of st{i])ijity'assuming tlitj simpler appi^xi- 
mat(5 form * r * 

' - gSB > 0, 

« 

wlihili greatly simidifies some of tlie cahmlatiojis, and 
will ])(‘. used liereafter wlicn tin; full eonditioii is too 
eompli(ait(‘d. »* 

82. In certain <'ir(uimsta.n(a‘s the s(‘pai*ation can he • 
(tarried further. We noti(te that aiid'X) 

(tontain teians of the first order in T, while in * 

OIK* toi'in contains a fac.tor of order Ta, and the otlnn* is of 
th(i S(*(;ond order in T. As tlujre ar(* two independent 
small (piantitics a and 'l\ it is not possible to lay down a 
universal rule, but wo may generally expect the bk|uadratic 
to take the form 

4- CS'X- + 2)'X + (S' = 0, 

the first two coeffica(‘nts ?(, being linite (5', D' of tin* 
fii'st urd(tr, (5:" of IIk* se(*ond order. AVe have discussed 
tile iinitc root Another root, \ 4 , is ' given 

approximately by \,= — C**"/'!)' and is (jf the first order. 
The middle pair of roots, X.^ and X;j, are of brder 
the lirst approximation to their values being given by 

m- + 'V =. 0, 

and using this value we can substitute 


W - - ' ^ X-^, (S ' 


(S''ii^ 

■5'- 


leading to the second apprcjximation given by 


»X- + {(S' - + ®' = 0 . . (149) 

Omitting the accents, we sec^that the modulus of decay of 
the oscillations determined by the middle pair of roots 
X.j and is 




( 150 ) 
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thus* (Erectly •related to tile (liseriminaut The 

method wilt lail^aud ali the roots will be o\t tlu' same 
order, if C^‘/J) be of thcbrderof smallness of (T' 
is if 7M.)e of order a\ If the metln^l is a])[)]ieabl(‘, then 
the various roots eorriLspond t(j : - 

( 1 ) A rapid subsidence determined by (dam[)iniY of 
the angular feloeity of rollin<(). 

• (2) A slow siibsidemte determined by 

{:]) All f^;eillatioii of medium pco’iod deli'.rmined by\ 
and Xh, but tlu^ rate of subsidence of which may bi‘, 
com]jarab](' with that corn\spondini'' to X,. 

H;5. All important point is ('arcfully to distini^niish the 
terms de[)endinij; dinattly on the action of gravity. TIulsc 
are the terms containing (m)s 0 and sin 0 in tin' full 
expressions for D and In tin' abbnwi- 

a,ted or approximate expressions, tiny are <listinguished 
by having in the denominaXor. These are the oidy 
terms which determine any tendeiny on tin) part of the 
machine ^o assume or return to a (h'finite position iT'laXive 
to the vertical. No method whi(*h ignon's these, ti'rms will 
give inherent stability sucli as will enable a machine to 
right itself when disphiced. The [iresence of //“ in the 
denominator is in agreement with the fact that while the a,ir 
pressure on a moving plane increases with the s(piare of the 
velocity, the effects of gravity remain constant, and, there- 
fore, their trlaflvi’ influence dei'reases. 

The occurrence of // elsewhere is due to our having 
measured resistances in [lounds instead of [JoundaJs, and 
our use of the lu)iiio(f('nrous form of the ecpiations of 
dynamics. 

Case I. — Systems with two raised fins at the 
same height. 

84. We have already pointed out in dealing with one fin 
that a; cos a — ?/ sin a occurs with a positive coetlieieiit 
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/ I 

in S and wvth a negjItivJ coefficient ki D. . T'hc simplest 
way oil oft this difficulty is to make x cc^s a — y sin a = 0, 
hhat is, to put the centre of picssure of the fins in a 
line tlu-ough the cen«tre of gravity perpendicular to the 
main plane. • SiruiC a is small, it comes iiraeticall}^ to the 
same thing if a? = 0, ?*.e. if the centre of pressure is 
vertically above the <*,entre of gravity. This Urraugement * 
is mentioned by Lanclnvster, who refers to its advantages 
in sc'curing stability. A further simplificatioii"consists in 
assuming tlie two fins to lie on the same level, so that y is 
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is (filferetit ftom ze/o, there wil^stA be wkle*liniits con- 
sistent with the ^stability conditions 5) and G 'positive. 

85. The final condiftou or ^61) - 311)“ ~ 
necessarily becomes complicated, and it is useful to obtain 
some simpler condition which will snfiicc for tlic purpose. 
Now, after a good deal of laborious substitution, I find tliat 
whva the ta^ujent of the iaeVinatioit ^ is smnlf the eo}t- 
Mitioii 


( - 


•") --WA 




sohstitvted in, nutkes that expression, esseiifialhj 
positiee\ this condition is therefore sufficient for stability. 

In verifying this conclusion, it will be found lu'st, in the 
first instance, to make the substitution in GX*- and 
with the value so obtained to substitute in 

The work is rather laborious. 

For the case where higher powers of (x are regained, 1 
have trie^l the same assumed condition, wliicb, of course, 
may be written 

( - ■!/)< ... (Io.JrO 


l)Ut this substituted in leaves certain negative tmans in 
it. These arc probably much smaller than the positive 
parts in cases likely to occur in applications ; at tlie same 
time their presence shows that the above condition can 
oidy be relied on as sufficient provided that a further con- 
dition is satisfied. It might perhaps be worth while to 
examine this particular case at sonn*. future time. 

The above condition may be put into various modified 
forms by combining it with the condition of eijuilibrium 
W = KSU‘^ sill a. If we put A = W rf and I = Sp^, then 'i\ 
and p will be radii of gyration *of the mass of the machine 
and of the area of its main plane respectively, and we find, 
on substituting 

( - y)2Jl silica . 


(i5a/o, 
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IT being tha licig^t which trhc vcftcity if is 
due. ^ ^ ^ 

^ Even the 5il30Vi‘. formula is not required if the total area 
of the fins is small compared with that of the main planes. 
It will, in fact, be found that the terms of which are of 
the lowest order in T and M,, are essentially positive. 

It will thus be seen that the present arrangement 
possesses a wide range of stability. Moreover, tliis stability' 
is not miicli aifected by the angh‘ 0 which the Might path 
makes with the liorizon, (^, and the important parts of 
containing cos 6 and not sin 6. A further ol)vious property 
is that, should such a machine lie tunnul upside down, with 
the fins l)elow, it would become unstable and tend to right 
itself. 


('ASK II. Both fins at the level of the centre 
of gravity. 

86. If we put 7/ = 0 and d/i = /^ = 0, the (‘didition of 
stability > 0 reduci's when ^ = 0 to x cos a — // sin a > 0, 
that is, the centre of jiressure of the two fins must bo in 
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front of the centre of gravity (Fig. 8;j). To make D 
positive in this casc^, it will be necessary to have 






( 154 ) 


The stability, as dependent on C^, will in this case be 
limited by the condition 

*' tan 6 < '1 tun «. 
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Now it ftiay*];e true*that this coii(lit\n would usually ho 
satisfied iii •iinifi^i’m fliijht, since even if a ^laiie wi^re 
gliding down unifonnly dnder gravity, 0 would only l)c> 
(M|ual to a, and any value of 0 greatoi’ than a could only 
he consistent with nudlon if the machine were 

j’ctarded hy reversing the engines or hy a suilieituitly 
great head resistance. At the same time*, we have to ('on- 
^ler the possibility of a mai'hine diving down at a steep 
angle either ^in order to recovm- lost speed or as the riLsnlt 
ol’ a sudden gust of wind, and we have further to 
reniemhei* tliat tin; conditions of stahilify an* 



Fkl VJ.— DiAtiH \mm \ti<’ View of \ Witroiir Bin, we i’sed at P\r. 

An aoropljiMo hrtvin^' vertioal au\iliary liiis sitiiak‘<l fon* ami aft of its cciitro of 
gravity. From (Ik* ligtuo it appears prolwihlo that the centre of pre-ssme of 
tlic fins in this ease was ratlier Itehiiul and not much al>OM? the centre 
of gravity, and that (he arrangement faile<l t<» secure lateral stability for 
this reason. 

independent of those for hmyitiiduinl eqinlil>mim. The 
conclusion is that, if for any reason such a machine should 
dive downwards at an angle greater than that consisttmt 
with the relation tan 0 <i*l ta.n a, it would lost; its lateral 
stability, and would probably I urn round sideways. Tliis 
might result in an a<;cident, (‘ither through the machine 
l)ecoming uncontrollable or through breakage caus(;d by 
undue strains. The erroneous jmpression might at least 
te produc(\l that the. matdiine liad suddenly been stru(;k 
by a sidi; gust of wind, causing it to overturn sidewtiys. 
A knowledge of the risk and its cause might enable an 
aviator to save the situation. 
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87. Using the af^roiimate forms* of § 86 (w'hicli/be it 
remembered, assume F=0), we £nd , 

I « 

= ttb + wivrx^ + M 2 ) . . ( 155 ) 

.and the stability condition *§>0 reduces to 

Wx f , WB co»6 (2 tan a - tan 

^ W KU^ITT IViY^TQ] J ■ 

This condition can be put in various forms', or replaced 
by a simpler condition, which is sufficient, although net 
necessary for stability, by omitting some of the terms in 
the denominator of the last fraction. For example, 
omitting 7V- + 3f„ we see that stability will be assured by 
taking 

^^2 > [1 + ^) ] • • (15Cft) 

which from the cejuations of equilibrium gives 

[1 + T ■■ 

Or, again, we may write 

M, - T|2, B = Wk,^, 

where f is the radius of gyration of the arenas of the fins 
al)out their centroid, and k 2 is the radius of gyration of the 
mass of the machine about the axis of y. In this case, the 
condition reduces to 

In any case, stability is secured by making large^ and 
X small, that is, by makmg the distance between the fore 
and aft fins suffciently large, and placing the centre of 
pressure yiot too much in (idvance of the centre of gravity. 
At the same time, x must not be too small, otherwise S 
will become too small. 

Further, if tan 6 is myative, or the aeroplane is rising, 
•die condition of stability > 0 becomes more dijficidt to 
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aatisfy ((s'thr ffuf/le (tf risitit/ ivhi/r, we Inter 

already shown, stgihiHfy\enses when the (nty/evy' deseenf 
becomes yreater than fhai yivoi by tan 0 = 2 tan a. ' 
Tlie existence of two limits is a (Viroet (‘onse(|ii(‘n(*e of 
tlie fact that 6 occurs witli a nci^ative sii>n in S;>. The, 
present system is one in wliich a nimnn’icMl ('alcnlation of 
the actual oseallations obtained solving thi‘ lihjuadratic 

^)r a machine of givcui dimensions would he of con- 

# ^ 

sjderable interest. This suggests a subject for future 
investigation. 


Cask III. One fin above and one behind of 
the centre of gravity. 


88. The following investigation of this (‘nse i 

is due to 

Mr. Harper. We 

suppose the fins to be of areas 

7’i at the 

point (0, y) and 7 

jat {x, 0) (Fig. JU), and we clearly have 

J?«’- , m 

KIJ I 2 

il 


- T u 

Kir - y 

hr - ^ -R'lr ■■ - -"V 


M,„ 

„ ‘W, „ 

'lr‘ (ir)7) 

Xir - - 



The approximate (joeffieients in the biquadratic wliere 
is small will be given by 


‘X = W{AB - (158<t) 

~ + W{u,/r, + Ax^T,) + (7', f r.^\Aii - r^i (im) 

i + i™i 

JV 

+ TJ^(Ax^ - 2Fxi/ + Bf/ + nVi/) - j^~(Ax7'o - FijT^) (ir>8< ) 
KBlp^ = {T -r T,i/“).t7’2 

^ w \v * 

+ co« 0 {FxT.i - Byl\) -f- xHJiy ^ ~ 
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We siipi)oso F J 0. Also if tlib fins ’are hhovr and 
hehind tlie^eeiitre of gravity, x aKd y will Ixjtli be negative. 
In these (jireAimstatices, all tlie coefficients except i§. 
are essentially positive. Putting ^ = 0, we see that the 
(iondition (5* positive is secaired by making 

> 2l'fjL or “21 sin n ros it . ^ . . (In9) 

which is (Mjui valent to the. condilion 

+ L,j positivo .... 

It will t,luis be seen that Jor sfahiUty th<‘ dislaiia^ of i]iv 
tad Jin. hrlnnd th<‘ iuoilrc of most not hr Irss than 

ft rrrtfffn /d/c/voz* hnat. It will b(‘ n()ti<'(‘d, mor(‘over, 



Fin. ;u. 


that the coefficient of sin 6 is positive in C?, consequently 
stfd)ility from this caasr is increased irhea jlyiny doini- 
wardSj thonyh a limit for stahility orrnrs in> jlyimj 
upwards at too steep aa anyle. 

89. Coming next to the approximate condition 
(SD — > 0, we notice tliat for ^ = 0 the only positive 
part of iS is the term underlined, and if the fin area is 
small, the term underlined in ^ need alone be retained for 
a fii'st approximation. The product of these terms cancels 
out the product of the terms underlined in (5T), and hence 
in (S2) — ^'6, all the terms which are not small in coni-^ 
parison with other terms arc positive. The approximate 
discriminantal condition of stability is thus satisfied 
subject to the assumptions fhat have been made. 

^ Mr. Harper further points out that the stability condi- 
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'tion* -f Vi ]^<>sitivo ri'pros/iilsi tlit‘ coiHiition iluil 

if the ni(((‘lhn(^ i\^(Virrs \ SHtall amffihir rrhnlftf of rofa- 
fioti (ihouf (I rrrti(‘al ftxfs jxisslioj fliroHifli t/u' foi/ pluirv 
(x, 0 ), thv hiomvHt of fh(‘ air irsisiaarrs that is srf nf> 
tnids to nmsi' thr niavhior to hrri orrr ahont fhr a.cis ,J‘ 



Photo] ^ \Th> Sport ttthl ftut* t at f/lififrtituhK Co 


Fro. HoroiKH Fj.vt\<i .\t Hlaokiooi.. 

The Voisin tyjo with its arrfuij'rnicut of vortical tins ih c<|iii valent, so 

far as lateral stability is oonccriUMl, to asy.stcni with one tin above ninl one* 
tin behind the centre of gravity, the eonditions of stability of uliich are 
disenssed in § SH. 

X toivards thr outside of the eurre that it w<add descrihe 
in virtue of the rotation. 


Effect of two or more transverse planes. 

90. We liave already rtderrtMl to tlie casti wliere, instead 
of a single main plane, there are two planes tliti moments of 
inertia of which nrc /j, L, and tjie angles of atttick of whicli 
are ai, a.u The differences in this (tase (and the argunnmt 
applies to any number of planes) may be conveniently 
exhibited by the following artifice : — , 

Construct the vector sum of two vectors (/,, 2af) and 
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(/u, 2a.,) iin\\ l(‘t it })(»•(/, 2a). TIk ‘11 ih tlie foniiulio for tlio 
resistJMice clvoivatives wc luivii 

* /, cos*'* rt| -f cos- — A(ti + /2 “ T) I cos*- a 1 

/, sin^ Hj + 7.2 sin*- Vc» = a(A + " I) I sin-ci I . (100) 

/j sin oi cos < 1 , + T., sin «2 cos a., = I sin a cos «. J 

It follows that the values of Ij,j and are the same as 
for the SI 0 , (fie jdane (I, a), while the ralnes o/ fj,, and M,, 
are Inereasi^d />// the same amoant as theij tvonld he if tlw^^ 
‘ino'ineiits of inertia Mi, J\h» of the fins tee re eaeh inrreased 

The effect will in general 1)0 to increase the sta])ility 
])arli(uilaily in such arrangements as those of Cases 1 and 
JI above. Of (*ourse, if a, — a.j is small, /i + L— I will ))o 

small, and g( 0 iera,lly of the s(icond order in «! — a,. The 

increase of stability will depend mainly on tin; (Mpiivalent 
increase in dL, in view of the fact that the value of 
has Iittl(‘ effeet on the stability. 


Effects of structural and head resrotances 
and twin screws. 

91. As in § 57, tlic most general effect of air resistances 
acting on the framework, tangential forces such as friction 
on the aeroplanes, and other resistances, will be to introduce 
additional terms into the resistance derivatives which we 
sliall denote by accented letters {Z\ L\ In an 

ordinary flying machine some of these terms will probably 
be small or unimportant, and it will probably be only 
possible to make rough and ready estimates of their 
value. In this connection, experiments on models afford 
the most desirable tests. 

When the machine is tuijning abput the axis of y with 
angular velocity q, the parts of the framework which are 
moving with the greatest velocity encounter the greatest 
resistance, and this circumstance, as well as the resistances 
or the fuselage and framework supporting the tail, give 
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rise lo tliv poi;itiv(‘ ngofficioiit TJiis tliviJfd 

.]>y K*U inu.-it 1)0 added tv tJu^ dett‘riniiiant (I f^) of 7!) 
in the same term as the moment ot' inertia d/. of tlu‘ lins. 
The effect of th(i moment of the^ resistaiie,(‘s is thus 
equivalent to an imu-ease in J/,, and from wliat has 
already been shown tin's inereas(‘ i»(‘nerall}' inenaisc's the 
stability. « 

^ A similar (dfeet (Xieurs in a. ma('hine furnished with 
twin screw.^ the Wright maeliiiud, arising from llu‘ 
fact that in turning round, the. oiihu’ projxdhu’ move's 
tlirough the. air faster than the iiiiu'r one'. If tlu', oiu' 
that is moving ((uickest exi'rts the least thrust, as 
assumed in ^ 57 (/>), the effeet will \)v to pj-oduce a further 
couple tending against the rotation </ and further 
increasing the value of J/'^. 

From (dementary considerations, it should lx* tu*(;tty 
obvious (without further discussion) that if tlu* stx‘ed IJ 
of the machine is not largely in (excess of that reepiired 
for maxiivum etiiehmey, so that the h(*ad resistance* is 
not large compai'ed with the drift (see § 57 <(), tin* 
value of will not be large with 2l\l^l^\\]-a or 
'ZKLJl'fi'. * In a reasonably d(*signed machine, will 
be of the same order of magnitude;, and will thus lx; 
small compared with /ff//cos“a or KUJ'. This pj’operty 
is equivalent to the obvious statement that if the machim* 
receives a small rotation 'p about the. axis of the 
moment of the air resistances on the framework is small 
compared with the moment of the air resistances on tin* 
main planes. It follows that the coelUcieiit ]j\, has 
generally a negligible effect on the stability. The saim*. 
thing is evident if we notice that the presi'iice of this 
added term in the middle term of the determinant (14.‘i) 
*is eijuivalent to an increase in the moment of inertia Jf,, 
which has but little effect on the stability. 

As regards the terms and these will probably ^ 
either vanish or be very small even in comparison with 

L 
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iiiid Ml,^ ill tlH‘ (►[’ a \v«‘ll-(](‘si,o‘H(Ml H v ]na(anii<_*’. 
y\l th(‘. they will la* (•()iu[)pral)l(' wit li ^Krifx- and 

small c()]n[)ar(M| with the ('orrt spoiidinn' t(*nns KIII/jl 
d(‘j)(‘nd(‘nt on tin' m^iin planes. If they are (Mpial to 
om; aiiotlna* their (“fleet will la* e([ni vahmt t(( a. (‘haiii^c' in 
th(‘ prodiK't of inertia. I* of tin', fins. In an\' ('as(', th(ii‘(* 
would l»(‘ no dillienitv' in tahinii,’ a(‘('(UiJil ol'.-tln'iii should 
the necessity arise, hut this appears liardly prohahh'. n- 

It will not do rashly to neoh'c't (“llee.ts ot r(‘sistain ‘0 
i‘('.])r(‘S(‘nt(‘d by Z',^. 7J Z',^. f/„., M\,.. Tln*s(‘ iiu'linh^ tin' 
('Meets of Iat(‘ral i*('sistan('(‘ ot tin* tusc'lam' and framework. 
Koi* a maehiiu' with a. low (*('ntr(' of i>ravitv, Z\, and 
//„ will e\i(l(‘ntly h(' im|)ortant ; for a. maehiin' with a. 
lono' tail, Z',^ and M'„ will la' im[)ortant. Tin* t(“rms must 
n((t 1 k‘ neel(‘(4(“d, h(‘('ans(*, thi'y oeenr in the small terms of 
the d('l(‘rmiuantal ('([nation for X, and tin'}' ar(' only 
associated with terms dep('ndini> on the (ins which are' 
also ill i>-en(*raJ snia.ll. If the lU'W ('oellieuents satisfy tin' 
reciprocal r('lati()ns Z\, .ind Z\^ -M',, tlc'ir effects 

can he r('])r('S('nted hy means of V('r(i(tal fins. For 
instance, Z\, and //„ are then e(jui vah'iit to an increase' 
Z/ KU in the', value of 7’r, and, if jiositive', have", thus 
tin' same ('tVeed as shiftine*’ the (*entre of pressure' of tln^ 
fins forwai’d, and so on. This interpre'tat ion may p('i“lia[)s 
h(! more useful than a. dire'.e't ('ahuilation of the' effects 
of these I’e'sistance's. At the same time, when the deter- 
niinantal e'ejuation is de'veloped a, ml the (*oeflic.ients 
are expainh'd, it is suMicie'iit for a first aj)[)ro.\imat-i()n to 
retain onl\' the' te'rms of lowe'st sig'nifh'ant ordei- in the 
resistance de'riva fives in epiestion, as done in tlie case 
of fins in (145). 

Pi’ohahly the reci])ro(‘al relations Z ' //,„ and Z',^=^M\, 
are* satislie'd in almost every case, hut though further 
discussion thus becomes rather uninteresting, it may he 
jiointed out that if these relations are not satisfi(".d it 
is still possible to represent Z\„ l/„, hy suitable 
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mci'rMscs 111 J\ Til »- Vli', iiikI (o iiIUw lnr llii'iliHiiciii-i' 
• ' ' 

liy wri till, <»■*/’(// "t v) ninN 7\./‘ 4- f) lor 7// ;iii(Uy’/’ in tin' 

siM'ond and tliird c'oliunits of lln‘ first row of’ (In* di'inr 
iniintid (Mo). The only nnfuirh^ut nddil ioinil tri-ni 
inlrodiKT'd into tin* ooi'ilicicnts oj' (In* liiijiindr.-il ii* is . 1 ^ 
t(‘rin - Tx^r in tin* v;dii(‘ ot‘ T ntlicr cli.inni'^ 

lii'ini; ni*oliyiM(‘ Ini' ;i jii-,s| ;i|»proximaiion. 

Then* is one otlnn- way in wliirli lln- propeller ina\' 
affect st(d)ifity apart from yyrosiatie. arrion. Tlie hnujiir 
pi’odnced 1)\' the jn'ojxMer affects the latm’al r^jn ihhrm m , 
and this, of ('onrs(\ indii’ei'lK influoiKa's staliilite, luil it 
is further jiossihle that when flic aeroplane jiossessrs a 
small ani^nlar vi'hx'ity ahont tin* axis of ./■, the pro[icl|(‘i‘ 
tonpie is slio’htly altin'iMl. IxMiit;' increaseil when the 
aero])lan(‘ rotates in the saim* direetion as tin* propeller. 
d(‘(*reased when it rotat(*s in th(3 opposite direi'tioii. This 
effect would h(‘ repr(‘sonted 1)\- an additional po^iti\'(‘ term 
aihled to L^,. We ha\e seen, howe\ei‘. that siich an 
addition Vonld in general have little <‘fle(‘t on tin* 
stahility. 


Effects of friction and curvature of main 
surfaces. 

t):2. iAIaking ns(* of tin* pi’op(*rtv of tianuHv pl((n(‘s 
assumed in § 7(1, we may <*asily deduci* the eorrections 
analogous to those of (ii) a[)[>lieal)le to latei’a! stahility. 
Ill the first plaee, wa* observe that if tin* angle of attack a 
(defined hy R — KSU sin a) is not tin* same as tin* aiigh* 
a (defined hy the pj'op(*rty that R mak<*s an angh*, !)0' — a' 
wdth.the axis of then sut)[HLsing a to remain eonstant. 
^vc w’i*it(? I' — 1 cos a cos a\ /x — tan a, /x^=tan a\ and tin* 
resistance derivatis (;s lM*conie 

L„ -- Kur, L„ - - 2A't//v, M,. - - A'rrv', 

• ( 101 ) 
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/* 

‘ , \ .o' 

Tlic (‘ffiv/ts of conpr^iivity of tlio iiviin siuface may he 
inve.stio’at(*(], by applying tin* eoiwidorations of ^ 71 to a 
•strip (IS of the main plane, the* legitimacy of this step 
l)eing implied in the c][efinition of narrow planes. ^If the 
machine receivcis an angular velocity p, about the axis of 
X, and we (consider an clement dS, distant z from that 
axis, tin* change in the angle of attack is da^> — zpl [I, the 
centre oF t)r(‘ssnre of dS .shifts forward tliroiigh a distance#'^ 
fi<l)'{a)da, and c being tlie radius of curvature*, the direc- 
tion oF It on the element changes by an amount' 
da= — a^\a)da G, the resolved part of R along tlie axis of x 
changes by an amount R cos a da\ audits moment about 
Otj l)y - Rz cos a da. The final result is to add to a 
term 

I KUa'cifi' (a) sin a cm a 'MS . . . (U>2) 

IF the jilane l>e nsdangnlai* and of constant curvature 
tliroiiglioiit. its span, tin*, corn'cUsl expr(*ssion For 
b(*coiiu‘s V 

■■ - KiU'ifi ~ c\ .... (lea) 

There is a .small corres[)onding change in ^vhich now 
l)Ccomes 

Ij,, — K(Tr\l -f .... (ie4) 

♦ 

but it will be seen that with fi, and y! small this correction 
is negligible, tin* correction in being alone important, 
'riie.se modified forms arc only ba.scd on the assumption 
that a(l>'{a);c is constant throughout the span of the planes, 
so that this factor (^aii be removed outside the sign of in- 
tegration. This would still be true if the planes were not 
rectangular, provided that all sections parallel to the plane 
of .r, // formed circular arcs of the same anr/le. It muibt be 
remembered that if the centre of pressure moves forward* 
as the angle of attack decreases, ^^(a) is negative. 

The correction does not affect the value of ® when 
0, and under the same condition the efl’ect on G 
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I • , 

is pi’obat)!^ not vciy ^important. ^Tln^ most’ iiii[)ortanl 
ort’ects arc ni 'I)*<in(l the part of involving Jiin 0. Tin* 
portion of C^‘ involving cos 6 will be unaftbeted. 


Corrections for aspect ratio, for effects at 
extremities of main planes and for wash. 

93. In order to simplify the algebra, w(‘ liavT in geiu*ra,l 
assumed that tlie resistamu) coefficient is the same for all 
the planes under considera,tion. As a matter of fact, how- 
ever, K is a function of the aspect ratio, as well as of tlnj 
camber, and, therefore, in dealing with different surfactes 
Ni, No, wi‘ ought to have retained AbN>, where 

we have written A'N, and KS,, It will be si^m, however, 
that th(‘ algebra is ipiite sufficiently (tompli(;ated as it 
stands, and the same results may be arrived at by waiting 
till the final formula; have been obtained, and then 
7)iuhii>li/ing eavh area hij <i eoejjieieiit <JepeinliH(/ on. 
the a, sped r<ifio. This is e(]uivalent to reducing all the 
areas to tjie same aspect ratio, or, more strictly, to the same 
resistance coefficient K. The results will hold good pro- 
vided that the “reduced areas” so obtained be substituted 

If, 

for the actual areas of the planes in the formulae. 

In connee-tion with lateral stability a corrciction is 
required owing to the fact that the conditions assumed for 
iiarroie pJanm at .small angle.s do not hold good at tin; 
extremities of the main plain;s where the stream lines 
How over the tips instead of being, at any rate, approxi- 
mately two-dimensional. This leads to a cornMttion in 
the value of [ or 1' dependent on the forms of the planes at 
their extremities, and, therefore, to the substitutioji of a 
corrected constant for the radius of gyration implied in 
/and/'. According to Laiichester, two such cojjstants 
are required, which he calls# the “aerodynamic and aero* 
dromic radii.” If this is the case, one will occur in /^,afid 
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jl/,„ tlic other ill M,,. If vvo/'clenote liy /', a?.icl I'., 

the c()iT(‘.s[!uii(liii][y vjilues of /' %*orroct(*d in fK'Cordaiirc 
with this liypotliosis, and if w<j apply the results to tluj 
approximate values *(iven by (145) jj 7!), we find that 
(depending' on the (tcrodifiKmur radius) rejilaecs /' 
ev(‘ry where, except in the part of if involving cos 0, 
where L, otjcurs. In if W(i must replace /' {2/j, cos ^-sin 0) 
by l\, 2fi cos 6 — I\ sin 6, and assuming 0 to be small, the 
effeiit of the differenet*. between and I\ is (^[uivalent 
to an iiKU'case in the anghi which the- flight path makes 
with the horizon from 0 to 0\ where 


M/'i /'.) 


. . (105) 


If Jiane.hesler s a(*rodromic and aerodynamitj radii are 
ei|ual, this effect vanishes, and the only eluing(i reipiired is 
in the assumed valium of 

The correction for “wash” when ‘two fins arc placed 
OIK', bi^liind the other at th(3 same levi^l sliould give little 
diflhudty, if it is needed ; but the effect could be av^iided by 
[ilaenig the fins at slightly diQerenl levels. 
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I.ATKRAL STAIUIATV — liKXT I P IM.ANMS. 

Comparison of bent up planes with vertical fins. 

94. Wo now co?isi(ler siioli omsos jis tli;it of‘ i\ sii])* 
])orting surfiKio consistin<^ of a [)}iir of wiiiiis Ixoit n|) 
at a (liluMlml angli^, or lunit up at tluu'r tips. In all sudi 
casos tli(‘ goucral expressions of 7t» iiiust Ix' 

adoptinl^as tlie starting point, and tin* first point wliieli 



presents itself for inquiry is how far tli(3 (jffcots of biuiding 
up arc C(piivalent, in their (‘ffeet on lateral stability, to the 
addition of vertical fins. 

Consider a pair of (‘hnuents dS of such [>lain‘S sitna,tc<l 
symmetrically at li, li' on opposite sides ol the planj3 (jf 
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(a?, ;//), aiitl let the normals to these elements meet the 
plane of {x{ y) in a point J (Fig. 35). ^ Then in every 
circumstance the resultant pressures on the fwo elements 
will pass through */,i.an(l will he ecjuivalent to a single 
force acting through J. The only part of this force which 
will alfe(it the lateral stability will be its component perpen- 
dicular to the plane of [x, ?/), and thus it might appear 
that the elements were equivalent to a single yertical fin 
of suitaldc anva phnjod at the point J, This, however, is- 



Fj(i. VlII. -A MoNon.ANB rv CoNSTiiunTiox by Ulkkiot in 1907. 

An aeroplaiu', of tli<! “ Antoinette” type, in the course c»f construction, showing 
the bent up wings aiul vertical tail plane in the rear as also the arrangement 
of the engines, the propeller in front l)eing detached. The photograph was 
taken by the author in July, on a visit to Bleriot’s factory outside the 
Porte Maillot, Paris, with the late Captain Ferber, before aeroplanes had 
llown or IJleri«)t had become well known. 


not strictly the case as tin', vTdocities of R and K are in 
general different from that of J. 

If f, 17, 0 be the co-ordinates of /, the equation ^ the 
iV)rmal gives 


whenct^ fz — nx — — ^ty — j therefore 
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Sul>sti*tuting in the formula) of § / fe we ge.t 


KU J 

f lAlS, 

KU J 


KU 


KU J 

1 

j 

KU “ J 


kz - 

KU 

- --O'W 

1 

11 

J W, 

KU - " 


ku ‘ + 

f - .r)d.'< 


(1(57) 


• The effect of the element dS is thus e(|uivaleut to that 
^of an element nhlS in the plane z = () at the point (f, 0) 

in the terms of tlie first two columns, hut in tlu*, third 
column this is no longer the case, the fiuitor — ./Jocu'urring 
in placuj of The equivalence will he exact in the (tase 
when f = .c. This requires that / = 0, /.e. that the 
element should he placed paralhd to the axis of .r, and 
therefore in a neutral direction to the line of flight, in 
which case it will exert no lifting forcii in steady flight. 
The simplest application of this propiu’ty consists in 
replacing a vertical fin placed above the main planes hy 
two small lient up i)lanes situatcMl at the extremities of 
these planes, sloping up at an angle 13 to the horizon, and 
l)arallel tQ the line of flight. In this case, w(‘ shall have 
l-O, m = cos /3y n = sin /3, and if a is the area of either 
plane, the two will be c(juivalent to a single fin of area 
2(t sin placed at a height ;3; cot above them. Such a 
pair of terminal planes may he called “ stabilizers,” the 
term being used whether they are neutral to the line of 
flight or not. 

A pair of tandem planes each fitted with neutral 
stabilizers will thus be equivalent to a system with two 
raised vertical fins, thus affording a convenient substitute 
for the system of § 84, which possesses such wide limits 
, of stability. The substitution of stabilizers for fins, of 
course, presents obvious advantages not directly connected 
with the present investigation. 

1)5. In the general case, it* is convenient to put 


I — sill a 


n — cos a sin 3 . . (108) 


m = cos a cos Q 
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111 tills casV,, a is till! (Du/Ja (tf attack or {ingle made by 
the ehmumf with the direction bf st(‘{uly tlight, ^ the 
aiighi through whi(ih the element is bent up {xbout an axis 



pi’irallel to tin; axis o<‘ 

X. We slnill also, in accordamce 


with our usmd {convention, wiiti; 




//,S" - . 

IS c<»S“ «, /i - 

^ tan a 



and we g(;t 





nif - nr. - 

cos a {»/ sin /9 " cos ; 

«) 


h - nr - 

c<js a ~ . 

r sin (i) 



2/; - nr -- 

cos a { - 

X sin li), 



and writing f = ;^(cos /3- 

-y sill 0, 

tin; expressions for tlie 


dcrivatives beconu; 




'A. 

KU 


-- - j mi a iflf 

j sin ~ X sin 

h. 

KU 

- - |.sm/3C^tS", - 


KU - 

- j - X sin 

M. 

KV 

1 m\ li(fx\ - .r sin (i)((K\ jY'y - 






KU 

f (I-V-. - 

sin ji) (/u; - x, sin 

0 





(lao) 


Th(‘se expressions {ind the subs(;(pu;nt 

{Uialy.^is beccome 


(CO 1 1 si dcixi bl y si mpl i fied 

wh(;n X sin /? is 

negligible coni' 


pared with /xc. 





This o(c(3urs (i) in the c{i,se of 

a singh 

• lifting system 


with bent up wings in 

whi(ch .{; = 

= 0, (2) 

in the case of a 


tandem system of bent 

up lifting 

plan(;s, 

when the angle 


of bcmdiiig up /? is small e-ompa.r(Hl with the angle of 
attai'-k a, and the span of tln^ planes is not small compared 
with the distance iietweeii them. 


Single lifting plane with terminal stabilizers. 

90. The following solution, dm; to Mr. Harper, applies to 
ilJie ense .of a single striiight lifting surface aV, furnished at 
the ends with a pair of small stabiliz(‘rs of total area T 
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(cadi l)oiiij>- ot area*!?), placed witfi tlicir conires in (Ik 

plane x = 0, at tile poinl*s lt{0,!j,z) and /i!' (O, *//,-;), tliei: 
angles of attack lu'ing a and the staliiliz(!i's being bent n| 
at an angle In these circuni^tances, the traces ol 
the stabilizers in the plane ;c = () will make angles ± /S 
with the axis o( and if the direction of the plane at A 



Fci. ;{«. 


be produced (o nna^t t/// in /', and <1Q be drawn 
peri.endlcular on UP (Kig. wi; shall have 

HQ - cos /3 1/ sin (i 

• 

with the notation of the last article. Tli<- 0 „i„n/ 

ohvionall/ not Ac foo hiikiII If thr. s/nhillzrrs air. to hr 
efflcieul. 

\Vc shall, as msual, employ the notation T cos- a = T, 
A' = tan a, which greatly simplifies the analysis, and 
further to .shorten mattcr.s, we, shall assume, in the tirst 
instance, that K is the .same for H and 7', it. hr.ln;/ 
(hstinctly nmlrrtttood that ditferenccs in this resiiect are to 
bo corrected for in any future forniuhe by multiplying T 
or T in the final result by the ratio K'jK of the two 
coctficients, and that this ^airrcction may, in certain 
circumstances, bo con.siderabh!. It only remains to write 
fjT tor AS" and a: = 0 in the. results of the last article, 
to remove th(! sign of integration, and to add the re.sult^i 
to those of § 70 due to the lifting jilane. 
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Thus the equation ^in X becomes * 
+ 




Kim 
- T'Cmid, 
T'li z Hin fi. 


KmUj\ X )~ 

r 


F\ 

KUij 


W iiin 6 (KU,j\ 
Kq ~ K'^V^'qV X ) 

+ rr'ixz Hin (i 




= 0 . 


and the coefficients are given by 


‘it = W{A H - F'^) 
58 


(170) 

(171<0 


KUq 

<s 


4- nq2.-i(iv-* + vyv') 


3F(J> + yy^O 4- B[V 4- TV) (171/0 

(171.) 


= 7’THin-^^(2.4y - + B) 4- ^ZWI'T^ - 

' • • • • 

2) W , 

IPIT^/ ” K<i ^ ~ P '*) 

IK 

4- 7’'sin/i[(J/;;; - FOi^md - (Ffx'z - BOcofiO] (171(/) 

® IV 

“ K-ir-q ^{vC “ fTz) {2fx co» B - sin . ^ (l^l^) 

The condition of stability 6 positive in the case of 
liorizontal flight requires that f ,shall he- poifJive and 
greater than tluit is, in the figure, 

RS tJin a < RQ tan a, (172) 

and ^ltahility necessarily ceases when the angle of descent 
passes the limit giren hy 

tan 6 — 2 tan a (1711) 


The condition JIQ positive is satisfied if the normals to 
R and Rf meet above the centre of gravity, not below. 

The above condition makes the first term of S) negative. 
In the case of ^ = 0 and F=0, the condition D positive 
leads to 

“ pf + + FKJf ^ ^ 

^that is, 

i RS tan tt' > R(^(^Um a - . • • (174) 
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Jl ' 

* I 

]i > K ir^I cos (t sin a . 


«S7 




(ir:o 


this condition (174) is satisfied for all positive values of a 
{RQ being positive) and for « =0, in whirh ease the 
planes wouh] be neutral. 

^ Now, since by the condition of e(|uilibriuni 


r = Krm Hin a cos a + A f/“ 7’ sill a' c»>s a' cos /i, 

# 

it follows that when 7' is small compared with N this (*oii- 
dition may be written approxitnaff'lf/, . 


and that this condition is sufficient oven if T is not 
iieglectted. This requires thac the radius of ijifralior. of 
tho mass of the arropfaur alxmt thr fcxis of y slioold 
(wcrrd that of thr arras <f if s oiai u pfaurs ahorf fltr ((xis 

^f x- 

Jf thfs (Widition is not satisjinf stahiiitf/ can not hr 
secured with the stabilizers in. the neutral position, and 
the conditions of stability may be written 

tana > 1 _ s<l. of gyi'ation of mass about ()(/ 

RQ tano ’ S(j. of rad. of gyration of about Or 

If the stabilizers are attached at the same level ns the 
centre of gravity {S and (r coinciding), RQ = IiS (m)s 
and RQ must therefore < RS and a < a. 

It is further to be observed that % ntal'intj the product 
of inertia F negative, both (S <tnd ® can be in,cr raised, a 
condition favourable to increased stability. 

97. The further condition necessary for stability 0 
is somewhat complicated, and we shall only consider the 
approximate form when ))ot<i T and are small, and 
F= 0, ^ = 0, f being also small from condition (172). In 
this case 

1 (£ , , , 

KUij ® approximates to — ^r » 
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f ^ 

while the tqi*m 3('D‘‘^ l)eeome5i ii(;t'lioi))l(^^ and the cc^nditi'on, 
wliieli may he written^? leads to 


^ JVC /*'•) ' '' 


wlii(ili IteooiiK's 


hC - f*‘ 

that is, 

RQ bill a - RS tan a < 


/»c 


\ / sill- li J 


It . RQ 

^Ij-/ 2 sin « cos fi ^ coti/\ (17H) 

\ r cos- a sin- (i R j 


(assninino* the approximate (M)nditioii of e([niUI)riiim). 

It will be o])served that the system ]ier(‘. eonsiden'd dors 
'iiot mrludc n tad plaoc. The addition of this would 
further (complicate the algebra, and the cas(‘ may perhaps 
stand over for fntur(‘ investigation in view of the 
discussion of the analogous problem of tine next article. 
The possibility of satisfying the (conditions of stabihty with 
d negative offers anotlKU* interesting ijuestion, es[)ocially 
in view of [)ul)lish(C(l macounts of the Dunne l>i])lane. 


Theory of the Antoinette type. 

i)8. The following investigation is due to Mr. D. II. 
Harper. By the “Antoinette” ty])e is here meant a 
machine supported l)y a single-lifting pair of bent up 
wings, and provided with a vertical tail or lankhcr fin. 
It is stated that in such arrangements it has been found 
necessary to place the centre of gravity G lower than the 
intersection P of the wings, and we shall assume that this 
is done, the tail being, howe'^er, on a level with the centre 
of gravity. We are not (Concerned with the elfect of a 
horizontal rudder, which only affects the longitudinal 
stability. 
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Taking Fig, :]7 a.sjv[»rrs(‘iiting tho section of tin? wings 
in thr, plawo of (//, c), Ji any point Vn the wing on the 
positive side of tlie pian^‘ of (.a, //), a perp?ndi<*iilar on 

tlie wing AP })i‘odiieed, let PP^p, so that 

» 

IIQ ODS /i If sin ii /> I f, HP \ ji - 

Also we sii[)[)ose th(‘ riahhn* of ansa, 7’ [)la('('d at (.e, 0, O), 
X being lU'galive if tlH‘ riuhha* is behind. 



With dJiis notation the det(‘i*niinanlal (‘([nation Ixajonies 


+ j sin‘^ lids' -}- 7', 


J (f) -f- f) sin lidS', 


i/) sin (i cos (idS' xT, 


ir cos \ 

/{^ry[ a ; 

- !*(/> + f) sin /idS\ 




F\ 

l<U\i 



ir _ irsin^/A'TrA 
F;/ /v’-7/-'</\ A J 

-}-‘2 j fif) sin S cos [ids' - i T 
P\ 


}<U<f 

“ J + 0 


KUij 


-f 


r‘-'r 


cos [ids' i 



Assnniing tlui liyi)otlu!sos involved in the (hdinition of 
narrow planes, tluvse. (‘xpressions would hold good even if 
tliQ angles of attack and of bending up a and ^ should 
vary for differiuit parts of the wing, as in tlui wings of 
birds, provided p and e as well as a and ^ are treated as 
varying at diflPerent distances from the [)lan(} of (a;, y) and 
are properly defined, p not bding tlui distance of R from 
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Imt thJ le^jigtli of tlie tangent at R nijcasaredHo the plani^' 
z — (). Exeopt in Aie case of «uunic.Ticai calculations, 
however, the investigation wouh} probably be far too 
comijlicated to lead to any simple results. We therefore 
consider only the case where o, e are constant. In this 
case we may write 

jip + €)W = + K-] (etc.), ' 



Photo.] [Tkt Sjmi-t and 0( anal ll(Hslralion.i Co. 


Fkj. IX.— JjAtiiam’s Tkial Flkjut. 

An example of the “ Antoinette” type in whieh lateral utahility is obtainable by 
means of (i) bent up wings, (ii) centre of gravity below the dihedral angle 
formed by the wings (iii) a vertical tail fin placed at not less than a certain 
limiting distance behind the main planes (§§ 98-101). For longitudinal 
stability the aeroplane may probably be regarded as a “ single lifting 
system with neutral tail,” though it may be desirable to apply corrections 
for displacement of centre of pre.ssure and camber. 

where p refers to the centroid of the positive wing, and k 
is its radius of gyration about that point. It will easily be ^ 
seen that 

jp^dS'jdS' - (^jpdS'J= w 

the other minors of the determinant all simplify in 




VIII 


LATERAL STABILITY , 

i6i 

the* 

same way. 

Wifli this simplification alonr) the other 

tenns being hTt as integrals, the (ioem(aents of the 

biijuad- 

ratio 

become 

) 

1 

St 

= W{Ali 

- n 

(J80o) 

S3 

m, 

^ irci.-i;. 

1 p- coH- fids' - l\Fp 1 p[p + ()coH fids' tij if 

)+(ydS'\ 


+ {AB 

- friAli jrj~ 

{mb) 

s 

- 1(^*1/^^ 

DOS- fi - llFp cos ,i f- H) sill- fi + 21Vf-p' cos- 

li]S’'K'' 





, 

+ 

}{,l [-tp cos li j pdS --}< I (p + e)dS'] 




i-e/’dS' + ^i 1 (2/r/jt- cos- /i + Appr sin ficus S -1- r 

-sin-/3)(/N' 


- fJ (tiftp coHfi + '2v sin ji) {p + + JJ / (p + - 

1 .1 




(IHOo) 


?r 



KHPi 


(p sin fi cos {iS''^K^ 


ir 
+ K 

.sin 3 . 

HNi" 

e-F cos e)p cos li 1 pdS' + ( liens e - F sin B)J(p + ()dS'} 

+ 

7'[(2«'’fi‘ cos- , 

a - Ai'fpsiuScfMfi + .»•' sin-/*{j.S"-V^ • .r j ( 

p -h tyds' 


r 

ir 

/{Tlfrf F cus d - A sm dj] . . . . 

(md) 


W( 




fjp cos d cos fi - sin d)S"'K’p sin (i cos (i 



wr 

+ 'KU/‘,j 

1/- cos d sin li J (p -f ()dS' -f 2.t;p co,s d cos (i j p(j> 

4 - f)ds> 



- .r sin d j (p f'fdS'] . . . , . 

(ISOe) 


99. Cask I. — Let T=0 (no ruddci* tail). 

In 3(, 33, all the terms are positive except some 
containing first powers of F. These vanish when /^’ = 0, 
and, moreover, the terms underlined twice in F are small 
*compared with other terms in the eoetticients, so that the 
value of F has little efiect on 33. On the otlnjr liand a 
negative value of F will eerlainlg increase both (5 and 
^^and will consequentlg he favourable to stabihtg. We 
shall, however, hert; sup})Ose tliat F ~ 0. 

To make positive when ^ = 0, wc must have e sin ^ 
positive ; the condition ® positive then re{|uires that sin 
should be positive, hence e must also be positive, that is; 
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the inmat Lend upwards, downwards^ dud' 

their intersection must he ahove phe centre of (jrakitp, 
not hclon\ i 

The range of inclination of fliglit path consistent with 
stability will be limited by the condition (from ® > 0) 

tan ^ < 2 tan a cos f-i. 


The condition 'I) positive becomes with F- 0 ' 

n cos 0 + Au cos (i sin 6 rli cos 0 


+ Afx cos (i sin 0 
KU‘ P + ' 


r Is cos 6 

L KU'^ 


- Sk“ sin a cos a cos 




0 (] 81 ) 


If 


> Sk^ sin a cos a coh (i . . . (182) 

the co(‘fticient of e will be positive and the condition 
I) >0 will be satisfied for all values of c. 

This (condition can be writtim 

Ji cos 0 > sin a cos a cos 

that is from the conditions of ecpiilibriiim 

li > MV-« (J82o0 

or radius of gyration of mass about ()// 

> radius of gyration of each [ilanc about its,^jentroid, 
ill every case, or for rectangular pianos of span about 2h 
Ji > n7>-712 (l82/>) 

If, however, this condition is not satisfied, there is a 
superior limit to the value of e beyond which the con- 
dition ® > 0 fails. 

The condition .1^7 > 0, for which tlu'. approximation 
(SD — > 0 is ])robably sufficient in most cases, imposes' 
a further limitation on the value of e. It is obvious that 
is positive when (^ = 0, which happens if 6 = 0 
and is negative if “D = 0. The conditions may be satisfia^ble 
for all values of e by makiiig F— IF«- sufficiently large, * 
otherwise the value of e cannot exceed a certain limit 
less than the limit ei determined by the condition 2) > 0. 
The general conclusion is «that while the condition of 
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•stabilitji ^ > 0 reiiijires tlie centre of gravity be below 
the *liliedwil an^le, too tyvv a position ^iiay lead to the failure 
of the condition > Qi The effect of this failure would 
be that the inodulus of de.cay of the oscillations would 
become iKigative, ami the oscillations would tin' re fore 
iiK'Tease in amplitude. This conclusion is entirely in 
a(;cordance with tlie results of experience as stated in 
^aeronautical liooks and j«)uruals, although, owing to the 
somewhat^ ill-defined notions that commonly prevail 
regarding the meaning of stability, the productii)n of 
dangerous oscillations has up till now not been always 
attributed to its probable cause, namely, iidicrent lateral 
instability. 

100. CUsK IL — Let e=0, stability being due to the rudder 
T. L<‘t X be negative (rudder behind centre of gravity, ^ 
})ositive. 

In this case all the terms in XH, (5, I), with the 
exception of a few containing h\ are positive. To make 
tile pai*^ containing 7' in (9 positive in the case of ^^ = 0, 
it is nec.cssary to make 

2 tan a I p(f) -H 

( ^ .... ( 18 ;}) 

tan I {() 4- 

SO that, assuming as we do tha,t e == 0, and supposing the 
wings rectangular and of span 26, we must have 

, . ih tan a ... V 

i- • . . . [liiSn) 

that is, the rudder, if placed behind the centre of gravity, 
must be at a distance behind greater than 6 tan a cot /S 
in order to ensure stability. 

,With this arrangement there is usually not much diffi- 
culty in securing the additional condition of stability 

> 0. . For ill (180) when T and ^ are small S^jKIJif 
reduces to the singly-underlined part W Bf (p -}- €^(18^ and 
the positive part of (^, als(5 underlined, when multip^jAl 



1^4 , “ANT, OINETTE” TYPE 'cH.viit 

C t 

by this, caiicels out |vitli the product of thd two singly-* 
undcrliind terms in The rest of (ST) i$' essentially 

positive, at least with this approximate value of 5}. 

101. It will thus be observed that raising the wings 
above the centre of gravity is favourable to the condition @ 
positive, but the possibilities in this direction are limited 
by the conditions T) and positive. On the, other hand 
the addition of a tail plane is favourable to the latter^ 
conditions, but there is an inferior limit to the length 
imposed by the former. A combination of the two may 
evidently be advantageous. Another arrangement of con- 
siderable interest is that in which two rudder planes are 
placed one in front of and one behind the main planes so 
as to make 27lc = 0, and in which, moreover, 6 = 0. In 
this case the conditions T) > 0 and ^ > 0 will certainly be 
satisfied. 

Range of stability. — So far as e is concerned, 
diminishes when the aeroplane is descending, while so 
far as T is concerned, ^ diminishes when ascending. By 
a suitable combination of raised planes and rudder the 
two effects may be made to counteract each other. 

In (?, the part containing sin 6 is 

W f 

~ sin ^ cos - Txj (p + f) V.S'] sin 0 . (184) 

and this will vanish if 

T{ - x) — fS sin a cos a sin ^ cos ^ • • (1^^) 

giving for rectangular planes and e small, 

T{ - x) = J sin a cos a sin ^ cos /3 . . . (185»x) 

In this case (S will be independent of except for the 
factor cos 6. If the coefficient of sin $, instead of being 
zero, is made small, the range of inclination consistent 
with stability will still be correspondingly extended. 
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< i ICN KIIA fi CONCLIJSIUNS. 

102. It may, I suj)[)osc, bo now taken as j)rovo(l that 
an aeroplane can be constructed wliicli possesses inherent 
stability, both longitmlinal and labu’al, when ])ropelled 
horizontally, and also when the inclination of the Hight> 
path to tlic horizon does not exceed (jcrtain determinate 
limits. Fitrtlier, these limits can be (extended in various 
different ways, and the limitations r(‘,garding tlie angle of 
descent ^can be altogether removed. It will l)c evident, 
however, that an aeroplane constructed on these lines 
differs in certain i)oints of detail from those ado[)tcd by 
many o^ the most successful of presemt-day aviators ; 
indeed, it docs not appear to be denied that some of these 
are unstable. Thus arises a divergence of opinion regard- 
ing the advantage or otherwise of inherent Mxihility, and 
all that can be done now is to state the case for the side 
which is supported by the present investigation. 

. In the case of longitudinal stability, there is probably 
very little need now to advocate the claims of auxiliary 
surfaces, for the use of these has by this time become 
almost, if not (juitc, universally recognised. Practically 
evtjry modern aeroplane is prpvided with tail planes, and 
many are provided with both front and rear “ controls,” 
an arrangement whi(di, as is here shown, gives increased 
longitudinal stability, and in this connection is especially 
useful in ascending. The original Wright biplane wag 

1G5 
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])r()vi(1(*(l only with Jt'ixiliary pianos in front, and .this 
arrang(nnent< oould only ho inad(‘ ?oiigitiuhiially .stable by 
throwing the woiglvt forward an<l ’‘iiujlining tlu'so rudder 
idaiK^s at a, st‘M‘[)(‘r acigh*, to tin* liin* of llight than the 
main sn])porting ])lan(‘s, an arraiigoniont which would 
ooiiainly give inorca.s(‘d “drift’' or rosistam'o in the 
dina'lion of motion. SiiK'o then a .stabilizing tail pJam* 
has b(‘cn addo(l in th(‘. machines put on the jnai*k(‘t. ^ 

It is in ('.onnoc.tion with lateral stability, howi;vor, that . 
dilleront eoun.sels ]u*ovail, .some authorities ('onsidoriiig 
it pi'ofoj’able to avoid the us(‘ of bent-up ])lan(‘s, to iH'diice 
vertical auxiliary sui‘fa('os to tlui minimum maa'ssaiA^ foi’ 
.st(M‘ring, and, in short, to abandon inherent lateral 
stability altogotluu*. Among tlu' i-(‘asons given for this 
course it is statial that (l) (b'vicos such as tins or bent-u]) 
planes are very uncertain in their action ; (li) tlu'y are 
liable- to scg, up o.sci Hat ions ; (3) tln'y may caus(‘ serious 
rolling when the aeroplane is smldenly stiaick by a side- 
wind. 

Now it wilt b(‘ seen that th(‘- probhmi of lat(‘ral stability 
is one of consid(*rabh‘ (‘om[)iexity, e.s]K'cia1Iy wlnui be-iit-up 
surfaces ar(‘ concerned. It is easy to s(‘e how an attemi)t 
to deal with tin' matter by trial might lead to uncej’tain 
results, the signifieaiKH* of which it would 1)(‘ difli(ailt to 
understand, trtfhouf sohk’ kiiid of (In'ortf to art o.s* a (jnidc. 
In attem[)ting to avoid one condition of instability, we 
run the risk of introducing another. It a singb' vertical 
rudder only is ju-ovidial, it introduces one kind of' 
instability when in front and another when b(diind. 

The pi'odiiction of o.scillations indii'ates that the 
aeroplam? is di/oandcfdh/ unst(ddc ; in otlnu’ words, that 
the arrangcimmt instead of pi'odiu^ing stability has had - 
the rever.se elfe('-t. W(*. may illustrate' tills point in 
connection with tin* Antoiiudte type. 

( It is stated that tlie bent. up wings nece.ssitate a. low 
Gehtrc of gravity, but if this is put too low oscillations 
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are^MM’m). This ms oiilirdy in ^acc'ordaiuM' with Mr. 
Harper’s Mivesyi^ation.^ ^ivcn liciv, which show that one 
condition (d stal)ility cj^n la* satislied l^y placini;’ th(‘ ccntr<' 
of i^Tavit}’ l)(‘low’ the dihcilral aiiiflc foianiM,!, hy the winys, 
])iit that anotlnn* (‘onditi<»n .^onictiincs rci(iiircs that its 
d(‘ptli slionld ]»e h‘ss tlian a i-ci-tain Imiil. \W jdaciiiy the 
ccntr(' of ohivity too far ladow (h(‘ dilhMlral aiiylc the 
•niaehiiie nia\' ayain IxM-ono' mista])h‘, and tin* kind of 
dynamical instahilitv that is indieat(Ml hy tin* <'onditions is 
that ill wdiieli (►.M*illalions of ineiu'asino amplilinle aie 
set 11]). 

10'). Th(' hrltai'fotf i‘ o/ ffii oe/v>y)/o//e H'l/rii s/i'ifci' lnf 
l/usfs (if irhid depends to a. very yiM'at i‘xt('nl on its 
inhmvnt dynanii<'al .^lahilily. 

J s^tddoi (Jifsi itf ff'hid H'/ncIt i/ffU'Idf/ suhsidcs will 
disturl) the motion of tin* aeroplam*, and the. important 
reipiisile is that it shall ipiiekiy settle down into its 
original sl(‘ad}' motion. For this to hapjieii it is essential 
that tin* state of* steady motion in <piestion shall he 
dynamically stahh* ; if this is not tin* easi* the .'n‘ro])la.m* 
W'ill oitlier deviate further from tin* ojiiilihrinm position, 
01* oscillations will he s(‘t iij) wdiieli w’ill e()iit iiiually 
iiKToase. 

A prniKnu'hl of wn/d re/or/Z//, say E, will 

cause an alt(*ra.tion in tin* eoinlitions of e(juilihrinm, and 
the aeroplane wall liave to a(*([uire the steady motion con- 
sistent with the new^ (ninditions. If the r<‘lative V(‘loeity 
•of tin* aeroplane wdien movini;- stea<lily is tin* aerojilane 
wall in future have to move with a j-elative velocity fJ 
and therefore a resultant velocity eoni[)oiind(id of f/aiid V. 
This again involves the condition that the jn*w' stianly 
motion shall he stable. The .sul)s(‘(|uent [irohh'in is just 
tli(i same as if tin* aeroplane had ri'inained in still air, hut 
had from some e.ause or other been j(‘i*ki‘d in such a way 
as to im])art an initial velocity to it {*cpial and ojiposit^e 
to V. 
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Penodid gnats of wind would, of ^course,' give rise to' 
forced oscillations, thus presenting,; a furtljer ptoldem for 
the mathematician, ^as we ha,ve only h(‘Te considered free 
oscillations. If the period of the gusts happened to 
coincide with a period of free os(iillation, a swnying 
motion would be set up which might become dangerous. 
Now the theory of forced oscillations shows that when 
the free oscillation' is a damped oscillation^ the forc.ed^ 
oscillations do not in these cases increase beyond a certain 
limit. The damping of the oscillations thus be(;omes 
important, and this is secured by giving the aeroplane 
adequate dgnamical stahilitg, 

J04. One difiiculty still remains, and shows the need of 
making the motion of aeroplanes the subject of further 
mathc’mati('.al investigations than have been possible in tin*, 
limits of this book. The investigation of stability may, from 
what has been said above, be fairly well sufficient when we 
have to deal with the effects of light gusts of wind where 
the change of wind velocity V is small compared ^ith the 
velocity U of the aeroplane itself. 

It is, however, important that investigations should 1)C 
made of the dynamical effiicts of a sudden squall of wind 
of the most violent character that an aeroplane is liable 
to encounter in the course of its llight A further 
feature of such an investigation should be the calculation 
of the stresses set up in the framework of the aeroplane 
by the wind pressures. The problem is one of the many 
unsolved problems awaiting solution at the hands of 
mathematicians, of which a list is given at the end. 

The important condition to be satisfied in such a case 
is that the motions initially imparted to the aeroplane 
shall not be of such a characjtcr as to i-ender the machine 
unmanageable. In this respect, 1 supi)osc, we may take 
it for granted that rotations are the most objectionable 
motions, and that it is essential that these shall be small, 
ll'tthis be assumed, it is probably an easy matter to 
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Reconcile* tlii§ condition with the conditions (/f inherent 
stability. • ^ \ * 

Thus if an aerophuF# is fixed with^ a vertical rudder 
plane in the rear, a side gust of wind will cause it to 
swerve round and facc^ the wind. If it h«s the vertical 
rudder in front, it will turn away from tlie wind. lj\ 
however, it is i:)rovided with Jins both fore and aj't, and 
4hefr combined centre of pressure is at the centre of 
(jravitij, a side wind will cause no rotation (dnmt a 
vertical axis. 

If the fins be raised idiore the centre of gravity, ;is in / 
the arrangement of ^ 84, a side wind will eaus(‘ the 
aeroplane to Iniel over al)out th(‘ line of flight, but the 
rotation thus produced will be damped by the resistance 
to rotation depending oil the term containing /cos“a in 
our equations, which is large. In any c,ase, the rotation 
can be minimised by making the heiglit of the fins not 
too great, and it will be sinm that this is exacfhj irhat the 
conditioJis of stfdniity raiuire. 

If, as in 15 80, the (‘cntre of pressure of the fins is 
placed slightly in front of the (t(mtn*. of gravity, the 
conditions of sfahility require that its distance in front 
shall not be too larqe, and this aijain is in acconlance 
with the requirement that the rotation set uq) by a side 
wind sh(dl he small. 

The construction of aeroidanes with fore and aft 
auxiliary surfaces for lonyitndinal balance and stability, 
moreover, provides the framework on which it only 
remains to add the necessary vertical fins required for 
lateral stability. The Curtiss liiplane already has a 
triangular vertical fin in front and a vertical rudder in 
tli^3 rear. 

The use of two raised fins placed fore, and aft is no new 
thing, for such an arrangement is shown by Lanchester in 
connection with models constructed by him in 18D4. 

The “ Langley Aerodrome ^ consisted of two pairs of beyf- 
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up wings f)laccd tandem, with a rudder behind. ' Having 
regard to the partial analogy betw^m tlic i^ffect^of bent-up 
wings and vertic,al fins, this type possessed some re- 
semblance in ^its properties to the arrangement with two 
raised fins, and was probably laterally stabhi. This view 
is confirmed by the ree.ords of its flights. At the same 
time, the stability of such a tyjie deserves more derailed 
study, and it is with regret that it is now crowded ouf 
of our text and placed in our list of unsolved problems. 



CHAPTER X. 

COMl’AHISON WITH oTilKR THKOKIKS. 

105. Wg arc Iku’c only (*oiiccriUMl witli iiivcstigations 
cliroGtIy relatod to tli(‘ present work, so tliat the followiiif^ 
remarks only n^fer in many eases to th(‘ partienlar sections 
of the writings in question wlii(*li deal with stability. 


Bk VAN- Williams ( 100^5).^ 

The r^\sista]icc derivatives were here dividcal hy the 
mass of the aerot)lane. The A", of this book was therefore 
then denoted by mX„. 'riiere was a term denoted in our 
present ly^tatioii by iY,(XH- Y,) omitbal in the expression 
for K, which was incorrect to this extent. 


Captain Ekrber.^ 

106 . Captain Ferber assumes in the first jdacc that 
die surfaces of an aeroplane can be replaced l)y three 
iquivalent ‘‘ Active surfaces " aS, ,s*, a in three t)lanes 
Hutually at right angles. This is true in certain cases, 
)ut not in the sense implied in his footnote, where he 
issumes that a surface can be replaced liy its projections, 
iiM that the error will be smiill. If instead of an incliu(;d 
mrface, we (jonsider its projections on the tlireci co-ordinate 
)lanes, then when the wind is blowing parallel to one of 

^ Vroc. Ko]f<il Socieftj. 7B, Jitiie, liMlS. 
litem cV Ai'tillerie 67, i, ii, OcUjbur und November, IWS. 
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the axes 'there will be no pressure in ai|)erp6nclicular 
direction such as tlie/e was on th€v.'origina| surface. 

Ferber’s' Iheorom is true in the following sense. We 
assume tliat jn idedl^dcro plane is a system built up of 
non-interfering surface elements, the air resistances on 
which follow rigorously the sine law for all angles of 
incidence. Then by applying a similar traiirformation to 
that used in elasticity or in dealing with moments of inertia, • 
we can show tliat when the system is movin'g without 
rotation there are three mutually perpendicular planes, 
sucli that the component forces due to air resistance arc 
the same in magnitude and direction as would be produced 
if the system were r(;])laced by three areas, aS^ 

situated in these plaints. Calling these the principal 
planes and their intersections principal axes, we can 
show that if certain conditions are satisfied the 
equivalence can be (extended to the moments of the 
forces liy suitably choosing the positions of the areas 
aSj, aS^, AS3 in their planes. The conditions require that 
a wind blowing parallel to a princi|)al axis shall produce 
no couple about that axis, the exceptions thus being 
surfaces analogous to screw propellers. For an aeroplane 
with one plains of symmetry these conditions are satisfied. 

When the eftects of rotation are taken into account 
this equivalence no longer holds good. This is shown by 
our proof that two fins give lateral stability that cannot 
be obtained with one. Captain Ferber thus neglects the 
most important effects of rotation in his treatment of 
lateral stabilit}’, namely the terms depending on /, the 
moment of inertia of the main plane areas. As a con- 
sequence, probaldy of this, he gets a cubic instead of a 
biquadratic for lateral stalplity, or as lie calls it, an 
equation of the fifth degree with two zero roots. The 
extra degree is accounted for by his including the azimuth 
among the variables, and, as has been pointed out, stability 
iucazimuth does not come into the question here any more 
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•than iii'othd^.fornis.of locomotion. The })rosenco*of the 
other zercf root shows tjiat there is Something wrong with 
the stability. The noglected term f really is of first 
importance in the problem when^ we are^ dealing with 
aeroplanes, the surfiices of which have considerable span. 

The use of Euler’s angular co-ordinates is also somewhat 
unfortunate,* for, as we have pointed out, this system is 
•unsuitable for investigating oscillations al(out a position of 
equilibriittn. Captain Ferber’s ecjuations breaking down if 
we put 0 = 0 (see ^ 14 of this book). 

Lanchkstkr.^ 

107. In most points of fundamental importance there 
is substantial accord between the present conclusions and 
Lancliester’s, and the main dilTerences are in tlie method of 
trentinent. 

Lanchester s (condition of longitudinal stal)ility is basial 
essentiaSy on what we here call the hypothesis of “ narrow 
planes flying at small angles,” and it agrees with the 
result here obtained in the simplest case ” of horizontal 
flight, aJlhough it is 2 >i’obably correct to say that the 
method of obtaining it has an appearance of being want- 
ing in rigour. Lanchester starts with a study of the 
“ phugoid ” curves described by an ideal plane which 
always places itself tangentially to the direction of 
motion, drift and rotatory iiiQj-tia, thus, being neglected. 
He then applies corrections for resistance and moment 
of inertia, and in the latter connection takes account of 
the effects of the auxiliary tail on the I'otatory motion. 
In doing so he assumes the motion to be harmonic, and 
takes the mean effect over each oscillation instead of 
writing down a differential equation. 

The reason why Lanchester’s method leads to correct 

' Aerocloueticsf London, 1908. 
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result^' will be ovideiit on examining the cliseussic^n of the 
long oseillations andUheir trajeetoi‘i(‘H given in^^ 52, 0^3 of 
this book. ^^In applying approximate methods to separate 
the long oscillations, two successive approximations are 
shown to be necessary. The first approximation determines 
the period of oscillation, and the trajectory of the aeroplane 
is shown to this order to be of the cdiaractei; described by 
Lanchester, and to be unaifected by the rotatory inertip 
of the mass. To determine the modulus ef decay a 
second approximation taking account of the rotatory 
inertia is necessary, and the fac^t tliat the modulus of 
decay is of a higher order than the frequency justifies the 
averaging method adopted by Lanchester. But as a 
nec(‘ssary cons(;qucnce, of course, Lanchester’s method 
does not give the short oscillations or even indicate their 
existence. The sufficiency of his condition depends on 
the fact, shown in § 51, that the conditions of stability 
for the long oscillations necessarily involve the conditions 
of stability for the short ones. 

In the case of “ Lateral and Directional Stability,” 
Lanchester does not use the three equations of motion, 
but he is careful to emphasize the interdepeixdence of 
the thn^c motions which would be determined by these 
equations. He jilso emphasizes the necessity of fins or 
bent-up planes, or both if an aeroplane is to be stable. 
Whether the stability is to be described as “ rotative ” or 
“asymmetric” is a question of terminology. Under the 
heading of “ Fin Resolution ” Lanchester gives a discussion 
practically amounting to the same thing as our applica- 
tion of the principle of Parallel Axes to the second 
moments of the fins. This method shows the essential 
difference between a single fin and a pair of fins, one 
in front and one l)ehind, in the matter of producing 
stability. The coefficients which we denote I)y / are 
expressed in terms of two (juantities trailed the aero- 
dynamic and aerodromic radii. (See § 93 above for a 
< 
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(liscMssiou of4lio, cIFcct. of nssumiiij; tlioni uu('([nnl.f 'I'lu' 
stiiltilitv i» iioii-lioi'ixo»t!il Hiylit is* not disciissod, Imt 
an expcriiiK'nt is dosr^ilMMl in wliidi a inddol tiirnod 
suddenly round sideways at ])nrti('ulai* pointsyif its tliglit- 
path, and tlie eoneliision is suooosted tliat owin<^ to tlu' 
longitudinal osiullatioiis tlie straiglit path l)iMiani(‘ lat(‘rally 
unstable at [loints wlu‘i‘(‘ tin* inclination of tin* 

flight path exeeed{‘d a ('ertain limit for stability. 

* BuiLLoriN.' 

108. Prof. xMaivel Brillouin ap[)roa(;h(‘s the (piestion of 
balance and stalidity from a dilbu’cnt jioiiit of view. Mis 
investigations refer mainly to stutiv insti'ad of dynamiit 
instability, and Ik* seeks by the stud}^ of metacentric. 
curves to discuss the ('onditions that an aeroplane shall 
have a unhpie position of statically stabh* eipiilibrium, 
and thus be self-righting in all positions. He proceials to 
study the elfect of maiKouvring on tln^ lialanci* of an 
aeroplanij, and his investigation thus be(;oin(‘s iiidepmident 
of the probh‘m of inherent dijuninienl sttdnliijf. 

UiassNKli.' 

109. Ill the first of two rec.ent articles of cousid(M‘able 
interest, JJr. JI. Rcissiier, of Aachen, jdaces tin* pi'obl(‘m of 
lateral steerhaj of aeroplanes on an exact and formal 
basis. Ill a subseipient article, he points out the in- 
suflicieiKy of the c.onditions for lateral stability jireviously 
proposed, and the necessity of a. further condition, thus 
confirming tlie conclusions of the present investigation. 

(JllOl TO.'^ 

110. Lieutenant Oocco’s principid pap(‘r refers to 
diijgibles, not aeroplanes. In investigating the longi- 

' Stdhilitr f/e.t A<>roph(iu's,s}trfaa‘ Ih'idte dr lOOi). 

“ Zeihehriff far Fbaftrehnik and Midori aftsrhiffafirl^ 11U(), 1), JO, and 
Fbapjioti, 1910 'll. 

BoUetliuo dellu ForkdiiarronuHliai Itidlaaa, April, JJMJT, hikI Juno, 1907. 
(toi'ernmeHl Blue Booh\ ltK)9, 10, pp. Il, 101. 
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tudina^i st^ibility, he obtains a cubic iiijitead of ^ biquadratic^ 
based on the equatiofts of rotation* and of vertical motion. 
The equation of horizontal motion is thus ignored. This 
is certainly i^i(;orrect in the (;ase of an aeroplane. Both 
Lanchesters and the {)rcsent investigation show that in 
the long longitudinal oscillations the variations in 
horizontal velocity play a predominating part, and, 
moreover, we have proved that the conditions of stability 
depend more on the long than on the short docillations, 
stability for the former in general sidHeing for th(i latter. 
For directional stability, Crocco again obtains a cubic, 
which is certainly inapplicable to aeroplanes. Even in 
the case of a dirigible, Crocco’s fiindamental assumption, 
“ that the velocity is constant within the time considered,” 
is open to serious question. In another note, attention is 
called to the stability condition which requires that for a 
single lifting aeroplam^ the neutral plane must be behind. 
It is i)ointe(l out that for a <louble lifting aeroplane the 
condition — a., positive has an eipiivahnit eflect. 

SOREAU.’ 

u 

111. For longitudinal stability, Soreau certainly obtains 
a biquadratic, and deduces conditions analogous to those 
obtained in the present investigation. In connection 
with asymmetric stability, he falls into the common 
error of not recognizing the interdependence of stability 
for rolling and directional stability, thus applying the 
term lateral stability in its most restricted sense. lie is 
thus led to conclusions with which the present writer 
altogether disagrees, and which are further in conflict 
with the trend of Lanchesters chapter on the subject. 
Boreau would do away with' vertical auxiliary surfaces and* 
bent-up planes, and would, in particular, avoid vertical 

’ jfUai aciuel el I' Avenir de I* Aviation. {Menioires de la SociHe des 
^ligenieiirs cirUes de France^ U)08, II. Bine Book, 1909 10, pp. 54, 164.) 
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•auxiliary surfaces raised above the (ieiitre of (see 

Blu5 Booli*, p. GG). lu’ other wordt^ lie would leave his 
iiiachiiie inhereMhj Hnsfable, and would use‘>a gyroseopi^ 
or other similar (toiitrivaiiee to couiifcract ^automatically 
this defect. 

I.E('()IINU.‘ 

• 112. The Government abstracts - contain a reference to 

Lecornu’sf*’ paper on “ Graphic Statics,” which, like our 
discussion in §§ 3G -47, deals with the application of 
graphic methods to the forces acting on an aerojilane, the 
sine law of rissistanee being assumed. 

* Sur iti <ir((plittiuc df I'm-roinlnnc. n'ndiis, Fuhniary 22, 

15109.) 

Blue Booh, 1909-10. 
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PROBLEMS. 

113. Tlic following problems refer partly to rpiestions 
not eomirig within tin*, scope of tliis book, and partly to 
points which it has been considered sc.'arcely desirable to 
discuss ill further debiil in the i)rccediiig pag(‘s. Some 
are pretty simj>lc, and could be treated as (exercises or 
research sulijects for a science student of fair ability ; 
others would involve matliematical investigations or 
.•experiments, or both, of a prolongcnl cliaracter. 

1. The characteristics ” of a system of iderl planes 
following the sine law of resistance, i,e. tlie determination 
of the simplest possible scheme of c(puvalcnt planes (see 
note on Ca[)t!iin Ferbc'r, § 106) a purely mat)mmati('.ar 
investigation. 

2. The steering of an aeroplane in a horizontal circle. 
A study of Dr. Reissner’s paper on this subject (§ 109) 
will certainly show jjossibilities of further investigation. 

3. The stability of a dirigible, and in this connection 
the discussion of formulse that shall best represent the 
resistances due to inertia combined with head resistance,' 
in view of the fact that the hydrodynamical formula) for 
inertia effects refer, of course, to motion in an incom- 
pressible, unresisting medium. The six equations of 
motion to be used, and not’ to be assumed independent 
unless shown to be so. 

4. A determination of the initial motions set up when 
tyj aeroplane is suddenly struok by a gust of wind in any 
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direction, longitudinal, lateral, or vertical, or compounded 
of •all tlu'ee. * ^ ^ 

5. Tlie ealciflation oY tlie stresses set up^in the frame- 
work of the acroi)lane in such a ease.* 

6. An experimental investigation on ^the elfeers of 
rotation on broad planes, and, if possible, the determina- 


tion of formuhe, empiri(*al or otlierwise, which shall 
represent these effects at least approximately. 

7. Er 4 )erinients on the wash eaiiscd by front planes on 
l)aeh planes, also on the elfeets of wash caused ))y 
propellers. 

8. The effect of a low centre of gravity on longitudinal 
stability, ij\ a fiirthm* development of the methods sug- 
gested in § (ii). for an aeroplane the plain's and [iropellcr 
of which are both raised to the same lieight. 

1). An experimental study of the effects of inclinalion of 
flight path on staliility. 

10. A more detailed examination of the effects of the 
“product of inertia’’ F on lateral stability. It will be 
seen that in our investigation F has been retained in most 


of the fundamental formula}, but that in tlni final deduc- 
tions have usually put F = 0, thus assuming the lim'. 
of flight to be a principal axis of inertia. As a deviation 
from this condition may (‘.ither imn’case or decrease the 
stability, the investigation may become important. 

11. The lateral stability of types like the Langley 
aerodrome, consisting of two pairs of bent-up wings 
arranged tandem. The mathematics is in this case bound 
to be fairly heavy. 

12. A more extended descriptive examination of the 
nature of the asymmetric oscillations and the motions 
{j-ssociated with them. 

13. The investigation of the forced oscillations set up 
in an aeroplane by periodic gusts of wind, with especial 
reference to the case of synchrony with the free oscillations 
and the influence of danuMiig in this case. 
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14. Tlic ’possibility, or otherwise, of liclicoidah steady * 
motion in the case (if a symnietrkjfil aeroplano, in par- 
ticular wlieiv steady motion in a straight 'line is laterally 
unstable. 

1 5. A further discussion of the effects of camber on 
both longitudinal and lateral stability. 

IG. A complete mathematical investigation /in the form 
of a thesis) on the stability and oscillations ot a kite,i 
with sj)ecial reference to the (|uestion as to ho*.'/ fixr the 
resistance derivative's and stability of an aeroplane could 
be investigated experimentally by flying the model as a. 
kite. 

17. Experimental determinations of tlu' resistance de- 

rivatives of aeroplane models by attaching them to 
whirling tables or pendulums, with especial reference to 
those deiivatives whicJi depend on rotation, (‘omparison 
with calculated values, experinu^ntal Higlits with the same 
models, and comtmrison of their behaviour as regards 
stability with the results of calculation. ^ 

18. Further photographic d(jterminati(3ns of the paths 
and oscillations of model aeroplanes and gliders, with 
special reference to tluur lateral oscillations. 

1!), The graphic statics of longitudinal equilibrium for 
systems of three or more planes having different abscissae ; 
effect of altering the inclination of one of them relative to 
the aeroplane. 

20. Finally, the discussion of the equations of motion 
of an aeroplane in their most general form, and the 
search for cases in which these e(|uations admit of exact 
integration, is probably a matheinati(jal problem which, 
like the well-known Problem of Three Bodies, may well 
occupy the attention of pure mathematicians for the 
next half century, and still leave plenty of work to be 
done. 


i 
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•.Examples.* 

114. Particulars of'^tlic coiistriictioii aiul clinicnsioiis of 
the leading modern aeroplanes ^^i\\ be 5Rund in most 
aeronautical journals and manuals and engineering papers. 
An abundant supply of “ examples (!an be obtained l)y 
calculating •their stability by the methods of this book ; 
det(U'mining the coefK(*ients of the bi(juadrali(*s for longi- 
tudinal and lateral oseill.ations ; a])proximate solutions of 
the bi([uadratie-s ; periods and logarithmic dec'nuiients (or, 
in the case of instability, logarithmic inennnents) of the 
principal oscillations. 


NOTES. 

Gyrostatic action of propellers. 

1 1 5. Th(‘ gyrostatic*- cHects dm* to tlu^ angular momentum 
of a single propeller not onl}' affect the steering of the 
aeroplane'-, as is well known, but introduce interdependenc'e 
, between the ecjuations of rotation about' th(‘ axes of y and 
thu^f mixing up the longitudinal and lateral oscillations. 
In a rigorous investigation, all six ecpiations of motion 
would have to be considered simultanecuisly. 

The best jilan is undoubtedly to desti’oy the gyrostatic 
couples either by the use of twin sc'nnvs rotating in 
opposite directions, or by following the suggestion of 
a recent French inventor who makes the rotary (iiigine 
and the propeller rotate* in opposite dir(?ctions, so that 
their gyrostatic effects canecd. A [lair of cog wheels is all 
that is recjuired. 

• If the gyrostatic couple; is small, a solution of the 
problem could be obtained, if it were worth whihj to 
do so, by approximate methods. For a first a])i)roximation, 
we should neglect tln^ <*ffect altogether, so that the oscilla- 
tions would fall into the two “symmetric” and “aaj^- 
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metric*’ groups. We ^hould then apply small corrections 
for the asyn^mctric motions set by the symmetric 
oscillations and vw\i versd. If an asymmetric and a 
symmetric oschlation Imppened to have nearly the same 
period, resonance,” effects would be set up with which 
physicists are familiar, and the aeroplane would probably 
not be a very comfortable one to travel on. ' 

A proposition on automatic control. 

116. The name “ automatic stability ” is now applied to 
devices for regulating the balance of aeroplanes by means 
of gyrostats or other mechanical (*.oiitrivances. In this 
connection, the following proposition may be useful : — 

A71 (wvophmo, formed of ideal stixiight planen ivith 
no vertical fi)is or hent-np surfaces cannot he rendered 
laterally stable hy the use of gyrostats or pen- 
didums alone. , 

This applies even to the case where the aeroplane is 
provided with warping devices or ailerons, if these are only 
brought into action by the operations of the gyrostjit: 

Proof — In order that the plane of symmetry should 
tend to assume a vertical direction when the machine is 
disturbed, the gyrostat must be sensitive to variations in 
the direction of gravity relative to the machine, since the 
vertical direction is entirely defined l)y gravity. 

Now, suppose such a machine (initially moving hori- 
zontally) to be heeled over sideways through an angle </>. 
By assumption, there are no tangential resistances, there- 
fore the machine will slip sideways with acceleration 
g sin if). The only effect which the gyrostat is able to detect 
is equivalent to a change in the intensity of gravity from' 
g to g cos (^, the direction of the latter component relative 
to the machine being unaltered. There is nothing, there- 
fore, to make the gyrostat bring the machine back to 
thp Vertical. 
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Xlie only n;me(ly»is to retard tlic acceleratio*!! g sin <^, 
or make it eviclgant in 'fome way or^tlier. This can only 
be done l)y the use 0f some kind cyf fins 8r stal)ilizors 
or other auxiliary surfaces atta<*li^d to tl’# machine or 
to the gyrostat. In any case, it "is impos.si])lc to do this 
without in an e(|ual degree making the gyrostat sensitive 
to clianges tn wind velo(*ity. Wlnui this is admitted, \V(*. 
might just as well do away with th<! gyrostats altogether 
and rely on the auxiliary surface's instead. 

One further point should, however, be considered. An 
aeroj)lane might be [U’ovided with auxiliary surfaces 
calculated to make it ?>/orc ivlun'entljj and 

gyrostats might l)e used to convert this instability into 
stability, as is, iiuh'cd, actually done in the Brennan mono- 
rail. What is Iku'c implied is that if an a(u*o])laue, when 
tilted over sideways, te'iids either to return to the vertical 
position or to deviate furtluT from it, gyrostats may be 
used \^ith effect, but if it possesses neither timdcncy, 
they be(*ome iiieftectual, and sonu' kind of auxiliary 
surfaces must necessarily be introduced. 

• 

# 

Note on the critical inclinations. 

1 1 7. In discussing tin; effects of inclination of flight 
path on stability we came u])on the two limiting relations 
tan d-\-2 tan a = 0 for longitudinal, and tan 6~~2 tana = 0 
for lateral stability. It is usciul therefore to get ,some 
rough idea as to the why and wherefore of such condi- 
tion, and their dcpeiubuK^e on the law of resistance 
R = KStJ'^ sin a. 

Consider a single plane ansa the pressure on whi(di 
dlieys this law. Draw the curve sin ^ = constant. 
Then as long as the relative; wind velocity is represented 
by a radius vector of this (uirve, the; pressure remains 
constant, and if the plane receives a small additional 
velocity dv in a direction fainjential to the curve the saftic 
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tiling o??oiii\s. If tlio (liroptioii of dv falls within tlnj 
curve the pressure rte(u*eases, if^ witliou,(;, it inereast's. 
The angle (^^(Fig. 38) between // inud the direction of (h\ 
when th(‘. l‘ 4 ^|:tcr is tangential, is tan — rdO dr) = 
tan ‘^(2 tan 6). • 

[f now the an^a is a kite placed in a horizontal wind, a 
l)(‘ing the iiudination of its fa<*e to the hoiazon, and if the 
kite is kej)t in place hy a string \yhos(‘ iindination to the* 
vej‘ti('al is l(‘ss Ilian th(‘ angle whose tangent =2 tan a, 
it will he s(‘en that a small additional ujiward vehxaty 
perp(‘ndieular to the siring will iiu'reasi^ the pressure and 
cause the kit(‘ to rise further, while a. small vidocity 



in the op[)osite sense will reduce the pressure and cause 
the kite to fall. This result indica.t(‘s instahility. Foi* 
stability the inclination (d’ the string to the vertical must 
be greater than tan ' (2 tan a), A (*om})lete discussion 
of the conditions of stability would, how(‘ver, necessitate 
taking account of e(piations of rotation as well as trans- 
lation. 

We may similarly show, with I he assumptions of ^ 7(), 
that if the main [ilane of a.n aeroplane receives a small 
rotation in a plane whos(‘ imdination to the line of Highv 
is given by tan '(2 tan a) no (‘oiiples are set up. The 
limiting condition tan ^ = 2 tan a for lateral stability thus 
ropresents the fact that no couples nvo set up if the 
aeiY)plane receives a small rotation in a horizontal plane. 
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Th(; same t.jiiiig (‘ftn lui simmi by means of tlie general 
expressions (‘Ji) of § ‘iO. The eon?lition (^‘i = 0 may be 


written 

• 

0 


j 0 , 

- sin 0 


1 L. n,. 

= n. 


M. M„ 

•V, 

and is tin' 

('(kiidilion that tin* 

equal ions 

• 

p cos 0 ~ 

7 sin tl ^ 0 


n'L„. />/v„ 

-c <{1^., - a 


nM.,. + pM,. 

1 


should b(‘, (*om]>atil»le ; in otlaa* words, tliat th(‘ motion 
(‘hara('t(a*is(‘d l>v ft\ />, 7 whi<'h giv(‘s ris(‘ to no eoiipli's 
//, M, should be a. rotation alxait a Viutieal axis, as 
ii]dicat(*d by the eondition 'p eos 0—(/ sin 6 ? = (). 

The limiting eondition, tan 0-^ — '2 tan a, for longitudinal 
stability arising out of tln' e.\pi’(‘ssion for T,., is more 
difH(‘ult to (‘X])lain. If W(‘ revert to th(‘ g(meral e(jua- 
tions (18) assuming = 0 and iV,, = 0 tin*- eondition 
becomes II' sin 6 i- [/X,. = i) or IT sin ^ + *JA"o = (), and 
leads to tin* slatennmt that for stabilit}’ the resistance dm' 
to the.(M>mponent of gravity in tin' liiu', of iliglit inust Ix' 
less thal^ twice the r(*sistanee due to the air. Tin'- effee.t 
of head resistane(‘ is to increase the latt<‘r, and this is why 
it imu’eases tlu' angle at whi('h tlie aei’oplane can rise. 

N<bME\(d.ATi:RK. 

I 18. Abscissa. -1]» a(*<M>rdanee with our system of c.o- 
ordinates, the ((hscissa of any i>Jane is its distancAi in front 
of the centre of gravity, being negativci if the plane is 
behind. 

* Aeroplane and plane.- li^ actcordance with the Aei'o- 
nautii'.a] Society (Joinmittiafs r<'commendation, aeroplaju* 
= a Hying macliine, whih* plane -- oiu' of its surfac(‘s. 
In most cases iii this book a pair of supcj'posed t)lam‘s 
counts as a single plane for reasons explained. 
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Angle of attack — This is tlie an^l(f at Which tlic ■ air 
i)lowH OH ayy given surface ; iit an aei»oj)lane moving 
steadily it is the acigle which a t)laiic makes with the 
direction of fHght. It is sometimes called the angle of 
incidence, but the optical analogy suggests that this name 
would better be applied to the angle which tin; air current 
makes with the norninl to the surface. '■ 


« 


Axes of co-ordinates — The (icntre of gravity fr'is taken 
as origin. The line of flight in steady motion is the axis 
of X ; a per[)ondieular line in tlic plane of symiiK'try 
measured (loivnwards is tlui axis of ij, and a perpimdieular 
to tlie plane of symmetry is th(‘, axis of the three 
forming a right-handed system. 


Fin. — A vertical auxiliary plain'. 


Inherent and automatic stability. — The term rtHtomatic 
stahilitjj now frequently applied to me(;hani('dil ,d(‘wices 
with movable parts, such as gyrostats, wliieli are so 
arranged as to restore ('([uilil)rinm wlu'ii an aeroplane or 
other system is displaced. The Brennan monoi’ail t^ttbrds ' 
one of the simplest illustrations of automatic stability. 
An aeroplane is mherently stable when stability is securc'.d 
without the aid of movable parts, and the oidy kind of 
stability considered in this book is inherent dynamical 
stahility. 

Narrow planes. — Planes of which the chord or breadth ^ 
is so small that when the plane I’otates about an axis 
parallel to the axis of 2: the diflfercnce of vcdocity of the 
front and back edges is negligible, ^.c. the rotary 
derivatives are negligible. 

Plane of symmetry — Aeroplanes, practically without 
exception, are symmetrical. When flying in a straight 
lipe the plane of symmetry is a vc'i tical plane through the 
epfttre of gravity containing the line of flight. 
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R«sistance Jlerivatlves.— If small rJiangos be made in 
the velocity coifiponentS of an aeroplane, tl^e ratios to 
these of the correspondfng changes in* the valiu‘s of the 
components of air resistance'. I# call th^ resistance 
devicatives. 


Rotary de^-ivatives. — Tin* resistance de'rivatives arising 
Srom a small rotation of a plam*. about an axis through 
its centre ^f pressure parallel to the axis of 

Single and double lifting systems. Neutral surfaces. — 
Where an aeroplane has two surfaces or sets of superpos(‘(l 
surfaces, and the weight of the aeroj)lane is bonier partly 
by the front and partly by the rear surface's, 1 (‘all it a 
douhle hftiiiif system. If tlu' whole weiglit is borne by 
a single surface or set of superpos(xt surfa(?es, I (;all it a 
sinyle liftiny system. In such cases any other auxiliary 
surfaces, sindi as tail planes, must be pai’allel to the 
dircictioi^in which the wind blows on them, and I (mil this 
position r}evtv(d. 

Small angles. — Wh(*n the angle of atta(;k is (mlled 
sniall^ it^is implied that the resistance may be taken to 
follow the “ sine law.” 


Stability, static and dynamic.- -A system in ecpiilibrium 
is said to lie statically stable if, when displaced, it initially 
tends to approach its original state of e(juilibrium. It 
may, however, go past its eipiilibrium position and 
oscillate, and if the oscillations continually grow larger 
and larger it will be dynamically anstahlc. For dyna- 
mical stahility it is necessary that the system should 
either return to its equilibrium position without oscillating, 
^or®that the oscillations should^ gradually die out. In the 
present book “ stability” means dynamical stability. 

Stabilizer — In this book the term is applied to small 
bent up planes attached at, the extremities of the main 
planes. 
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Straight and bent up planes. — Wh'oii the" wings of an 
aeroplane fo^*in a dihedral angle/ 1 call them “ bent up.” 
“Straiglit” plaiic», on the other' hand, project perpen- 
dicularly on^oth sidcfr of the plane of symmetry. 

Symmetric and asymmetric stability. — Symmetric 
stability is practically synonymous with ^ longitudinal 
stability, and represents stability for motions in the ])lane 
of symmetry. Asymmetric stability is stability for rota- 
tions about the axis of x and y and displacements along 
the axis of z, and includes what are sometimes separated 
as ‘‘ lateral ” and “ directional ” stability. It is Lanchester s 
“ rotative stability.” 


111). NOTATION. 

A, B, Cy moments of inertia of aeroplane. Fy product 
of imu'tia.. 

% T', co-cfticieiits of bicpiadratic, with sutfix o 

for symmetrical, i for asymmetric oscdllations where a 
distinction is necessary, 
a, angle of attack. 

tti, a.,, angles of attack in a double lifting system, and in 
this case a = ai — a.,. 

/9, angle at whicdi a plane is bent up. 
a, semi -chord of plane. 
by semi-span. 

c, radius of curvature of cambered plane. ^ 

(ly distance of centroid of ar('as of a ])air of transverse 
planes from cehtre of gravity. 

fy corresponding distance of centre of pressure of the 
pair. 

c, a constant determining the (lis[)lac.em(Uits of .the 
centre of pressure of a transverse plane. 

e, a certain constant referring to the “Antoinette” 
f/pe (under lateral stability). 
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• F, pr4>duc^ of inertia of aeroplane as above. * * 

/l(a), fwnetlon of ai 4 »'l(‘ of attae!^ deterniiniug law of 

resistance ; </>(«), (tom'spendino; finn't-ioii ilotcrininiii*;' 

position of centre^ of pressun*. * ^ 

/'(a), ^\a), ditferential (*A)(dlici«iifts with respect to a; 
fr(a), <^,(a), rotary derivatives eorres],)()ndiii^’ to a small 
angular velocity r. 

^ II, propeller thrust ; h, its perp(mdi(nilar distaiu'e from 
origin ; % its im^lination to axis of x whmi different from 
Z(!ro. 

/, moment of inertia oF a, transverse^ plain* with re'spe'e^t 
to plane of symim^t ry F = I (‘os“ a. 

K, coetHeient of resistama* in R - KSU'\f{a), or R 
- KSU‘^ sin a. 

/i’, radius of gyration about axis of::, C = \VF. 

/, distance between front and rear [ilancs, in longi- 
tudinal stability. 

/, 711 , 71 , direction cosines of normal to a bent up surface- 
elements 

L, M, N, couples about axes due to resistance, in direc- 
tions opposed to rotation. 

N„, their values in steady motion. 

L, M, N, with suffixes, e.g, the corre^sjionding resist- 
ance derivatives ; Lp = dLjdp, 

ifi, d/o, P moments and products of inertia of a system 
of two or more vertical fins with respect to axes through 
their centre of pressure parallel to the co-ordinate axes, the 
co-ordinates of this centre of pressure being x, y, z. 

coefficient in a small oscillation or disturbance pro- 
portional to hence a root of the biquadratic. 

/X, tangent of angle of attack /x = tan a. 

,/x,, /X2, tangents of angles of attack in double lifting 

• systems. 

V, the difference of these tangents = — /xj. 

p, q, r, components of angular velocity of aeroplane. 

R, resultant thrust of airVm a ijlane. 
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a 

lij radius of gyration of a pair of planes (w;here 'tliie* 
notation causes no confusion with .the previous /uie). * 

p (listan 9 C measured from diheclral angle on a bent up 
plane, ^ ‘ 

Sy area of any plant surface, S' = S cos^ a. 

Ty area of a vertical fin or pair of stabilizers, also total 
area of several fins. 

/ 

Uy velocity in steady flight. ^ 

u, Vy iVy added velocity comjioiients in a small oscil- 
lation. 

IF, weight of aerojdam*. 

Xy j/y Zy co-ordinat(‘S. 

A", Yy Zy (iompoiKiiits of force du(‘. to air resistanc.e, 
taken positive when acting in tlui opposite direction to 
the axes. A"„ Z^y values in steady motion. A",, etc., 
corresponding resista.nce derivatives A"„ = dX/du. 

f, a certain constant in connection witli stabilizers. 

6y inclination of flight path to liorizon, positive when 
descending; in small symmetric oscillations^ d„ + e 
where is the value corresponding to steady motion. 
This notation causes no confusion with the other meaning 
of € mentioned above. . 

V, ratio of head resistance to drift. 

<l>y angle through which plane of symmetry has rotated 
about axis of Xy measured from vertical position. 
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